CALCULUSAND DIFFERENTIAL EQUATIONS (BMATS101)

Module 1 - Calculus

Prerequisites:

Trigonometry

Pythagorean identities

Reciprocal ratios

sin? 8 + cos?60 =1
sec’ —tan?0 =1

cosec’6 —cot?0 =1

1
9 =
cosec Sin 0

1

secH =
cos @

cotl =
tan 0

Sum formulas

Difference formulas

) 4 tanx + tany
an(x =
( ») 1 —tanxtany

sin(x +y) = sinx cosy + cosx siny

cos(x +y) = cos x cosy — COS X COS Y

sin(x —y) = sinx cosy — cosx siny
cos(x —y) = cosx cosy + cos x cosy

. tanx — tany
an(x —y) =
( Y) 1+tanxtany

Double angle formulas

Triple angle formulas

sin 2x = 2sinx cos x
_ 2 )
cos 2x = cos“ x — sin“x
2tanx

tan2x = ——
1 —tan?x

sin3x = 3sinx — 4sin3 x
cos 3x = 4cos3x —3cosx

3tanx — tan3 x
1 —3tan?x

tan 3x =

Half angle formulas

Tangent formulas
2tanx

1
sin® x = > (1 — cos 2x)

1
cos?x = 5 (1 + cos 2x)

1 — cos2x

tan’x = ———
1+ cos 2x

sin2x =—
1+ tan?x

1—tan?x

1+ tan?x
2tanx

1 —tan?x

CcoS2x =

tan2x =

Standard angle formulas

ASTC Rule
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Note:

X
251n2§= 1—cosx

x
2(:0525: 1+ cosx

(cos; + sin g)

(cos; — sin ;)

2

2

tan (— + x

tan (

) 1+tanx

1—tanx

) 1—tanx
1+ tanx

Same ratio formulas:

sin(—0) = —sin @
cos(—8) = cos @
tan(—0) = —tan 8
cot(—0) = —cotl
sec(—0) = sech
cosec(—0) = —cosec8

(IV quadrant) Cos +ve

sin(2r — 0) = —sin @
cos(2mr — 8) = cos @
tan(2mr — ) = —tan @
cot(2mr — ) = —cot@
sec(2mr — 0) = secH
cosec(2m — 8) = — cosec @

(IV quadrant) Cos +ve

sin(r — 0) =sin@
cos(m—0) = —cos@
tan(mr — ) = —tan @
cot(r — ) = —cotd
sec(m — 0) = —secH
cosec(rr — @) = cosecB

(Il quadrant) Sin +ve

sin(m + ) = —sin 0
cos(m +8) = —cos@
tan(m + 8) = tan 6
cot(mr + 6) = cot
sec(r + 0) = —secH
cosec( + 8) = — cosecO

(Il quadrant) Tan +ve

Co ratio formulas:

sin (g— 6) = cos @

cos (3-)
tan (g— 0)
-0)

cot (g 6

=sin@

cotd

sec (g - 9) = cosecf

cosec " 0)=secl
z

(I'quadrant) All +ve

= —cosecf

cosec (g + 9) =secH

(Il quadrant) Sin +ve

(Il quadrant) Tan +ve

3T
sin (— + 0) = —cos 6
2
3
cos (— + 9) =sinf
2
3T
tan(7+ 9) = —cotd

3
cot (7 + 9) = —tané@

3T
sec (7 + 9) = cosecl

3
cosec (7 + 9) = —sech

(IV quadrant) Cos +ve
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Differentiation of some standard functions

Non Trigonometric Trigonometric Hyperbolic functions Inverse functions
functions functions

(k) =0 (sin x)' = cos x (sinh x)" = cosh x (sin"1x) =

ny/ n—1 r_ i I _ o3
= cosx) = —sinx cosh x)' = sinh x
' =nx ( ) ( ) (cos™'x)' = —

, 1 (tan x)' = sec’*x (tanh x)' = sech®x .
= — t X)) =
() =3 (tan ) = T 2

(cot x)' = — cosec? x (coth x)' = — cosech? x 1

1
l = _ t_l y e ks 4
(log x) p (cot™"x) 1722

eX) =e* secx) = sec x.tan x sech x)' = —sech x.tanh x
) (secx) (sech x) O

1
xVxZ -1

X\ — X ! !
(a*)' = a*log a (cosec x) (cosech x) (cosec1x) = —

2 __
= —cosec x.cot x = —cosech x.coth x xvxf—1

Rules of differentiation

1. (ku)' = ku’ 3. (uv)' = uv' + vu'

2. (utv) =u +v 4 (E)' _ vu' —uvs

v v2
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1.1 Polar curves

Introduction:
% Polar coordinates are (x,y) = (r cos 8,r sin 8) where r - radial distance,8- polar angle.

++ Polar form of the equation of the curve r = f(8) is called polar curve.

) . .6 . .6 0
% 14+ cosf = 2cos? =, 1—cos€=251n25, sm9=251n5cosz

tan(3+0) =2 an (5 - 0) = 5

% Angle between radius vector and tangent is tan¢g = ri—f

Problems:

1. Derive angle between radius vector and tangent. (May 22)
Let P(r,0) be any point on the polar curve r = f(0).

Let x be the angle from the X axis to the tangent.

Let p be the perpendicular distance from the origin to the tangent.

By diagram, y = 60 + ¢

tan y = tan(6 + ¢)

tanf+tang (1)

tany = —————
X 1—tan 6.tan ¢

But

d . dar .

E(T sin 8) _ ggSin 6+rcoso
d — dr .
E(r cos6) 26 €S 6-rsin6

d i
_ %Y _ G0 _
tany =% =@ =

ag

.. d . .
Divide by é cos 6 in numerator and denominator,

tan 6+r§
tany = —a —(2)
1—ra tan 6

Equating components of (1) and (2),

do
tan¢ = r—
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Find the angle between radius vector and tangent to the following:

(i) 1% cos20 = a? (ii)r =a(1+ cosB)

(i) 7%cos26 = a?
Take log on both sides,
log(r? cos 20) = log a?
logr? +logcos 20 = 0
2logr +logcos260 =0

Differentiate with respect to 6,

2dr _ 2sin26
rdfd  cos20

1dr

oy = tan 20

Cotp = cot (5 - 26)

¢ =--126

(i) r=a(l+cosh)

Take log on both sides,
logr = loga(1 + cos 0)
logr = loga + log(1 + cos 8)

Differentiate with respect to 6,

1dr _ —sin6

rdo (1+cos 0)
-2 sing cosg

ldr _ 27 "2

rdd coszg

1dr (7]
-— = —tan-
r do 2

T 0
cot¢p = cot (E + E)

At =2,
3

[ V1
cot¢ = cot (E + g)

Angle between the radius vector and

the tangent is ¢ = 2?”
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3. Find the angle between radius vector and tangent to the following:

(i) r* = a"sec(nf + a)

(i) r™ = a™(cos mO + sin mo)

(iii) r™ = a" sec(nb + a)
Take log on both sides,
logr™ = loga™ + log sec(nf + a)
nlogr = loga™ + logsec(nf + a)
Differentiate with respect to 6,

sec(nf + a) tan(né + a)

sec(nf + a)

cot¢p = tan(nb + a)

cot¢ = cot (% — (n6 + a))

Angle between the radius vector and the

tangent is ¢ =§—n6 —a

(iv) r™ = a™(cosmb + sinm8)
Take log on both sides,
Logr™ = loga™(cosm6 + sinm®)
logr™ = loga™ +log(cosmb + sinm®)
Differentiate with respect to 6,

mdr _ m(cosmf-sinmb)
rdo (cosmB+sinm8)

Cot¢ = tan G 4 mH)

cot¢ = cot (% = G = mH))

Angle between the radius vector and the

tangent is ¢ = %+ me

4. Find the angle between radius vector and tangent to the following:

£=1+ecose.

£=1+ecosl9

Take log on both sides,
logl — logr = log(1+ ecos @)

Differentiate with respect to 9,

1dr _ —esinf

rd0  1+ecos®

esin@

cotpp = ——
d) 1+ecos@

1+ecosf
tan¢ =

esin@

vtucode.in

1+ecosB
, ¢ =tan? ( )

esin@




5. Show that the following pair of curves intersect orthogonally:

(i) r=a(1+cosB), r=b(1—cosB)

r=a(l+ cosf)

Take log on both sides,

logr = loga +log(1 + cos )
Differentiate w. r. to 6

1dr _ —siné
rd8  1+cosf

-2 singcos2
ldr  —25M509%

rdo 2COSZ€
2

6
cotgp, = — tan -

r =b(1 — cosB)
Take log on both sides,
logr = logb +log(1 — cos 8)
Differentiate w. r. to 8
ld_r __ sin@
rdd  1-cos@
.. 0 0
l dr ZsmE cos-

ar _ 2
rdf 2 sin2?
2

6
cotg, = cot>

Since cot¢,.cot¢p, = —1, both intersect orthogonally.

(i)

r" =a™cosnBO and r™ = b" sin n@

r"* = a" cosnf
Take log on both sides,
nlogr = nloga + log cos n@

Differentiate w. r. to 8
ndr

__—nsinnf
rdo

= —ntannf
cosnb

1dr

= —tan
. tannd

cot¢p, = —tannb

r™ = b" sinnf

Take log on both sides,
logr = nlogb +logsinnd
Differentiate w. r. to 6

ndr nsinnf
-——= = ncotné
r do cosnb

1dr
-— = cotnf
rdo

cot ¢, = cotnb

Since cot ¢, .cot ¢, = —1, both intersect orthogonally.
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" 1+cos6

Take log on both sides,

logr = loga —log(1 + cos 0)

_ b
" 1-cos6

Take log on both sides,

logr = logb —log(1 — cos 8)

Differentiate w. r.to @ Differentiate w. r. to @

lar _ 1dr sin@
rdé

(7]
ki = — cot—=-
rdb 1-cosf . 2

6
cot¢, = tan 2

6
cotgp, = — cot-

Since cot¢,.cotp, = —1, both intersect orthogonally

(v r=abandr ="~

a
r=af r=-
6

Take log on both sides, Take log on both sides,

logr = logaf logr = log%

logr =loga +logf
q ; : logr =loga —log®
Differentiate with respect to 6

Differentiate with respect to 6
ldr 1
a6 _ o 1dr 1

rdd 0

1
cotpy = — 1
6 C0t¢2 = _9_

But af = % = 0% = 1. Since cot¢,.cot, = —ei = —1, both intersect orthogonally.
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(v r=ae®andre®=»b

r=ae9

Take log on both sides, Take log on both sides,
logr =loga+6 logr + 0 =loga

Differentiate with respect to 8 Differentiate with respect to 6

1dr ldr 1
rdo

rde

cotgp, =1 cotgp, = —1

Since cot¢, .cotg, = —1, both intersect orthogonally.

(vi) Show thatr = 4 seczg and r = 9 cosec? g the pair of curves cut orthogonally.

(May 22)

6 ]
r=4sec25 r=9cosec25

Take log on both sides, Take log on both sides,

logr =log4 + 2 logsecg logr =1log9 + 2 logcosec%

Differentiate with respect to 6 Differentiate with respect to 6

1dr 2 (7] 6 1dr 2 (2] 6
-— =0+ —gsec-tan- -— = ———— cosec—cot—
rdb sec— 2 2 rdb cosec— 2 2

2 2

] ]
cotgp; = 2tan; cotgp, = —2 cot-

Since cot¢;.cot¢p, = —1, both intersect orthogonally.
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6. Find the angle of intersection of the following pair of curves:

(i)

r =sin@ +cos@and r =2sin@

r =sinf + cos 6
Take log on both sides
logr = log (sin6 + cos 8)

Differentiate w. r.to @

1dr _ cosf-sin6
rd0  sinB+cos®

Cot¢, = tan G - 6) = cot G + 6)

Sy
="

r =2sin6
Take log on both sides
logr = log(2sin @)
Differentiate w. r. to 6

1dr _ 2cosf
rdf  2sin8

cot¢, = cotd

b, =0

Therefore, |¢; — ¢,| = 7

(i) r=a(1—-cosB)and r = 2acos O

r=a(l—cosf)
Take log on both sides
logr =loga + log (1 — cos®)

Differentiate w. r. to @

1dr _ siné
rdf  1-cos@

0
cotgp; = cot-

0
¢ =7

r = 2acos@
Take log on both sides
logr = log 2a + log cos 6

Differentiate w. r. to

1dr sin @
-—=— = —tanéf
rdb cosf@

cot¢, = cot (g + 9)
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(iii) r=alogfandr = é (May 22)

a

r =alogb T =g

Take log on both sides Take log on both sides
logr =loga + log (log®) logr =loga — log (log®)
Differentiate w. r. to 6 Differentiate w. r. to 8

1dT‘_ 1 ldr 1
rdo 6 log 6 rdo  6logh
1

1 - _

tan¢, = 6logh tan ¢, = —6logb

__a _
But by data, alogf = ogd =0 =e.

tan ¢, —tang, e+e 2e

Therefore, tan(¢, — ¢,) = = =

1+tan¢tang,  1+e2 1+e?

Therefore, |¢p; — ¢,| = tan™?! 122 = 2tan"le

(iv) r = asin260 and r = acos 260

r = asin 20 r =acos20

Take log on both sides Take log on both sides
logr = loga + log (sin 20) logr =loga + log (cos 26)

Differentiate w. r. to 8 Differentiate w. r. to 6

1dr
1£:2C0t29 ;E——ZtanZB
rdo

cot¢p, = —2tan 20
cot¢p, = 2 cot 260

1
tan ¢, = —-cot 260
tan ¢, = %tan 20 2

But by data, asin20 = acos20 = 20 = /4




tan ¢, —tang,
1+tan ¢q.tan ¢,

Therefore, tan|¢,; — ¢,| =

Therefore, |, — P, | = tan_lg

af
(V) r=_—— and r =

a
1+62

a
— a8 r=_2
1+6 1+62

Take log on both sides Take log on both sides

logr = logaf —log (1 + 0) logr = loga —log (1 +6%)

Differentiate w. r. to 6 Differentiate w. r. to @

1dr _ 26

rde  1+62

20
cotd, = =13
1+62

tang, = — =

tan¢g, = 0(1+0)

__ Sh —
By data, — 1+92, 6 +6°=1+86, Therefore, 6 = 1.

2+1
tan¢, = 2,tan¢, = —1, tan(¢p, — ¢p,) = 1:2

¢1—¢2:%




(vi) 7% sin260 = 4 and r?> = 16 sin 20

r?sin26 = 4
Take log on both sides
logr? + logsin 260 = log 4
Differentiate w. r. to 6

2dr+2c0529 _
rdo sin20

cot¢p, = —cot 260
cot ¢p; = cot(—280)

¢ =—26

r? = 16sin26

Take log on both sides
logr? =log 16 + log sin 26
Differentiate w. r. to 6

2dr 2cos26
rdo sin26

cot¢, = cot 260

¢2:20

Therefore, |¢p; — ¢,| = 460 = 4(

By data, 16 sin? 20 = 4, sin20 =

12




1.2 Pedal equations
Introduction:
If p is the perpendicular distance from the pole to the tangent of the polar curve, then the
equation of the curve in terms of p and r is called pedal equation or p — r equation.

2
P . 1 1 1 (dr
p —requationis p = r sin¢g or F_r_2+r_4(E) .

Problems:

dr

. : 11 1 2
1. With usual notations, prove that Z =z +3 (E) and hence deduce that

2
1_..2 4(dr) _1
a=uttut (g , Whereu = -

Let P(r,8) — Any point on the polar curve r = f(6) .

Let r and p - Radius vector and perpendicular distance from the origin respectively.

By diagram, g =sing = p = rsin¢.

iz=riz cosec?¢ =Tiz(1+cot2qb) =i<1+i(ﬂ

p r2 r2 \df




2. Find the pedal equation of the following curves:

(i) 7> = a* sin? 0

To find: ¢ To find: Pedal equation
r? = a%sin? 0 p=rsing
Take log on both sides, p =rsinf

2logr = 2loga + 2logsin 6 p? =7r2sin? 0

2

logr = loga + logsin 6 r >

aZ
1dr _ cos#
rdd  sin@

cotgp = cotd

¢ =06

(i) r =2(1+ cosB)

To find: ¢ To find: Pedal equation
r = 2(1+ cosBO) p =rsin¢g

Take log on both sides, (T 0
p =rsin (E + E)
logr = log 2 +1log(1 + cos )

logr = log2 + log(1 + cos 6)

. 0 6
1dr _ —sinf _ —2sin;cos;

rdo 1+cos® ZCOSZg

6 6
cot¢p = —tan- = cot(z+—)
2 2 2

p=2+




(i) r* = a™cosn@® (May 22)

To find: ¢ To find: Pedal equation
r" =a" cosnf p =rsin¢
Take log on both sides, p = 7sin (E + ng)

2

nlogr = nloga + logcos né p = cosnf

Differentiate w. r. to

ndr —nsinné
rdo cosnf

1dr
-— = —tannf
rdo

cot¢ = cot (g + n@)

¢=§+n9

(iv) r™ cosmO = a™

To find: ¢ To find: Pedal equation

r"™cosmb = a™ p=rsin¢

Take log on both sides, p = rsin (g _ mg)

mlogr + logcosmf = mloga p = rcosmo

Differentiate w. r. to 8

m dr —msinmé
— — =0

r E cosmé@

1dr

~-— = tanmé
rdo

cot¢ = cot (g - mH)




(V) r™ = a™(cos m0 + sin mB)

To find: ¢

r"™ = a™(cosmb + sinm@)

To find: Pedal equation

p=rsing

Take log on both sides, p = 7sin G + mg)

mlogr = loga™ + log(cos m@ + sinmé
& & 8( ) p= % (cosm6 + sinm@)

» =7 ()

\/Eamp 3 rm+1

Differentiate w. r. to 8

mdr

rdo

—msinm6+mcosmé
cos m@+sinmb

1d
==L = tan (E— mB)
rdf 4

cotg = cot(g—%+m0)

¢)=%+m9

3. Find the Pedal equation of the following curves:

(i) r = ae™®

To find: ¢ To find: Pedal equation

D rz r4

r=ae™ 1_1 .1 (ﬂ)z
2

daeo

Take log on both sides,

S =5+m?)
logr = loga + mé

N r?=p*(1+m?)
Differentiate w. r. to 8

1dr
-——=0+m
rdb t

cotp =m




(ii)%z 1+ ecosf

To find: ¢

%=1+ec059

Take log on both sides,
logl —logr = log(1 + e cos 0)

Differentiate w. r. to

l1dr _ —esinf

rd0  1+ecosf

esin@

cotgp =
¢ 1+ecos@

1
p?

To find: Pedal equation

1

r4

(1+

1

r2

1
(1+e cos 6)2

z )

1
p?

r2(1+ ecos0)? = p%(1+e% + 2ecos6)
l
12 =p2<1+ez+2(;—1)>

21
2. 2(,2 %2
l—p(e +r 1)

(i) = = 1 cos @

To find: ¢

2a
T=1—cos€

Take log on both sides,
log 2a — logr = log(1 — cos 0)

Differentiate w. r. to

. 6 [
1dr sin @ 2sin- cos;

rdd  1-cosf

. 50
28
2 sin >

6 6
cotg = —coto = cot(n _E)

=T — -
2

¢

To find: Pedal equation
p =rsing

. 0 .. 0
p = rsin T[_E =TS]I’1;
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1.3 Radius of curvature

Introduction:

The reciprocal of the curvature of a curve at any point p is called the radius of curvature at p.

It is defined by p = j—w

Cartesian form Polar form

_(@+yp32 _ @)
B Yo p_r2+2r12—rr2

Parametric form Pedal form

/ 12N d
(x2+y2)2 p—r—r
=— [T, dp
x'y" —x"y

1. Derive radius of curvature for the Cartesian curve y = f(x). (May 22)
tany = Z—Z

tany =y,

Y = tan"'(y,)
Differentiating w. r. to x,
ﬂ 1
dx 1+y1
Therefore, radius of curvature is given by

ds _ ds dx Aoz 1+v% 2
—t o 1+y2 yl

P=ap  ax'ayp vz

2-Y2

(1+y )2

_ @]

dx?
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2. Derive radius of curvature for the parametric curve x = f(t),y = g(t).

@ _d
dx
dy
s =2
dx

T at

27 ax

()
() G)

dt _ X'y —x!Ty! 1
_ - <2 '

Therefore, radius of curvature is given by

3 y'2
_ (1+y3)? (”TZ)

1,17 1.,

ya (M)

x'3

3
_ (x12+y/2)5
- x/y//_x//y/

Derive radius of curvature for the polar curve r = f(8).

By diagram, y = 60 + ¢
dx _ 48 | d¢
ds_ds ds

_ 40 , dg o

T ds de ds

“2(1s2)

e
But tan¢ = r—

¢ =tan™? (ril)
a _

T1.71—TTy

rlz -7y

2 2442
r{ re+ry

a¢

ri-r7y

1+

r2+2ri-rr,

242
re+r{

dao

ds
dae

vtucode.in

2442
T +T1

Therefore, radius of curvature is given by
1_ax

p ds
1442
= s

dae

[By (1)]

1 r2+2ri-rr,

\/r2+r12

2442
T +‘l"1

3
_ _(rP4rd)?

24942
r242r{—-rn;




Note:

bt 4 (fr7E)d z(ﬁ)z
dr_dB'dr_( retn o r dr +1
ds _ 25—

dr—\/1+tan ¢ =seco

dr
cos ¢ ==
) de dr de
sing =tan¢.cos¢ =r— =T

Derive radius of curvature for the pedal curve p = f(1).

By diagram, y = 60 + ¢

dx _do  d¢
ds  ds ds

Butp =rsing

dp . do

— = SIln T COS O —

dr ¢ T d) dr
a0 | .dr do

=r—-T7r .
ds+ ds dr

- (2
-+ (%)

_T_dr
p= dap

5. Find the radius of curvature for x* + y* =2 at (1,1) (July ’16)

x*+yt=2

Differentiate w. r. to x,

4x3 + 4y3y' =0

x* +ydy' =

Differentiate again w. r. to x,
3x% +3y2(y")?* +y3y" =0
At(1,1),y' = —-1,y" = —6.

Radius of curvature is given by
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3
_ (1+yf)3/2 _(+D2 _2v2 _ V2
V2 -6 -6 -3

p

Find the radius of curvature of the Folium x3 + y3 = 3axy at the point
(3a/2, 3a/2).
x3 +y3 = 3axy

Differentiate with respect to x
x* +y%y' = alxy’' +)
Differentiate again with respect to x

26+ 2y(y")? +y?y" = a (xy" + 2y")

)+2(5)+ (7)23’" =a(Fy' -2)

2

2
3a+3a+2-y" -2y = —2a

v -32

EEA T A7y

Radius of curvature is given by

p= (1+3/12)3/2 _ (2% > 34 = _3a\2

V2 -32 16

Find the radius of curvature of the catenary y = ¢ cosh’—c‘ at (c,0).
X

y=¢c cosh;

Differentiate with respect to x,

Vi = sinh% -------- (1)

Differentiate again with respect to x,

At (c,0), y, =sinh1, y, = %cosh 1

Radius of curvature is given by

p= (1+y2)*% _ (1+sinn?1)*?

Y2 % cosh1

2 y?
= ccosh“1 ==

vtucode.in




8. Find the radius of curvature of the parabola y* = 4ax at (at?,2at) .
y? = 4dax
Differentiate w. r. to X,

Differentiate again w. r. to X,

yi+yy, =0
At (at?,2at),

1
2at3

1
Vi=7,Y2=—
Radius of curvature is given by

3/2
(a0 (1+z)

3
= = = —2a(1+t?):
e () | eurer

Find the radius of curvature of the curve y = x3(x — a) at (a, 0).
y=x*(x—a)
Differentiate w. r. to X,
y, = x3— (x —a)3x?
Differentiate again w. r. to x,
y, = 6x2 + 6x(x — a)
at (a,0), y; =a3, y, = 6a®

Radius of curvature is given by

3
_ ()’ (1409)2
P = Vo T 6a?
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10. For the cardioid 7 = a(1 — cos 0) , show that pT is a constant.

Step 1: Find ¢ Step 3: Find radius of curvature
r=a(l— cos@) r3 = 2ap?

Take log on both sides, Differentiate w.r.to p

logr = loga + log(1 — cos ) 32 Z_; = 4ap

Differentiate w. r. to X, i aap
1dr _ sinf dp 3r

rd0  1-cos@ 4ap

2 sing cosg 3r
cotep = —2—52

2 _ 16a%p? _ 8ar
T o9z T

0
cotgp = cot; Therefore,

.. -0
29
2sin 2

0 2
¢ == £-is a constant,

Step 2: Find p — r equation
p=rsing = rsing
72 sin2 2
2

r3

2a
2

2ap

a?(a-x)

11. Find the radius of curvature for y* = where the curve meets the x-axis.

, _ a(a=x) oy = B 2%y
x 1 dy a3
PARAD. S 2 2
xy“=a’>—ax----(1 d2x 2 dx
y (1) X, = —=——(x% + 2xy—).
2 dy? a3 dy

Aty =0,

Differentiate w.r.to x ,

2xyy' +y? = —a?
x1=0,x, = _x

o _a_3 1 y A2 T 3

nyy o X . ¢ . -

. , Therefore, radius of curvature is given by

@“__ @ i =

== o does not exist at y = 0. @) @

Xy 2x2

vtucode.in




12. 1f p;  p, be the radii of curvature at the extremities of any chord of the cardioid

r = a(1 + cos@) which passes through the pole, show that p; 2 + p,2? =

_ 16a?
9
(May 22)

Step 1: Find ¢
r =a(l+ cosf)
logr =loga + log(1 + cos 0)

ldr _ sin @

;55-_ _-1+c059

ZSinQCOSQ

cos*>
(7]
= —tan-—
2

a5+

p=2+

Step 2: Find p — r equation
p=rsing

=rsin(£+g)
2 2

)
= r? cos? >

2

. K 28
= [ By data,r = 2a cos 2]

p

r3 = 2ap?

Step 3: Find p
r3 = 2ap?

Differentiate w.r.top

dr
3r2— =4ap
dp
dr _ 4ap
dp = 3r
__4ap
T o3
5 _ 16a’p?
T or2
__ 8ar
T o9

16a?

Step 4: To prove p? + p3 = .

2
At (r,0), p? =8%?=8%(1+c059)

8ar

2 8a?
At(r,t+0), p; =—= — (1 —cos6).
16a?

Adding both. p2 + p2 = .

vtucode.in




13. Show that the radius of curvature at any point of the cycloid

x=a(0 +sinf), y=a(l—cos0)is4acos (g)

dx

_ ayv _
5= a(l+ cosB), T =asin®

dy

Y1 =55

dy
a8
dx
de

asin@ -2 2
a(l+cos @) a(1+cos6)

28 1 0
2_ = —_sgect=

1
.. 6 6 =
2 sin— cos; 2 sec
—_— L - [Z]
a(2 coszg) 4a 2

0
22 =tan—
2 cosZE 2

Therefore, radius of curvature is given by

3
p= (1+y§)? _

14. Show that the radius of curvature at any point of the cycloid
x=a(0 —sinf), y=a(1l— cosB) is4asin (g)

dx dy 2
de—a( cos 9), -5 = as 6

_dy d’y
V1= dx Vo = IxZ

__asiné
= a(l1—-cos @)

in? cos? 1 1
2 sm2 Cos2

. 0
28
2 sin 2

0
cot—
2

Therefore, radius of curvature is given by

_ (1+y%)% _ (1+cot2?)

1 [Z]
- a(Y
Y2 2acosec (2)

)
= —4a sin-

. . .0
Ignoring sign, p = 4a sin-
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15. Show that the radius of curvature at any point of the cycloid
x =acos3t,y=asin3tatt =7
dy

dx 2 . 2
— = —-3a tsint, — = in“t
r 3acos“ts ' 2o 3as cost

dy d?y
yl dx YZ - dx2

dy dt

@ = —sec?t X —
& dx
dt

sec?t

3asin?tcost 3acos?tsint

—3acos?tsint 4
1 sec*t

= —tant " 3a sint

T 1
Att=7,y1=-Ly, =42
Therefore, radius of curvature is given by

3 3
_ (+y})? _ a+1z _ 3a
Y2 i‘lﬁ 2

16. Find the radius of curvature of the curve x = a(cost + tsint),y = a(sint —
t cos t) at any point t.

d . . d . .
d—f= a(—sint + sint + tcost) = at cost, d—3t/=a(cost+tsmt—cost) = atsint

_ady d?y
Y= dx?

dt
=sec’t X —
dx

sec?t

atsint at cost

= at cost

1

— 3
= sec’ t
= tant at

Therefore, radius of curvature is given by

3 3

= (1+y2)2 _ (1+tan?t)2 _ sec3t

- - 4 T
V2 sa4V2 —osec3t

= at.
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