Module 2 - Series expansion and multivariable calculus

2.1 Taylor’s and Maclaurin’s series for one variable

Introduction:

(x—a)?

2!

Taylor’s series: f(x) = f(a) + %f’(a) + () + %f’”(a) 4 oo

2 3
Maclaurin’s series: f(x) = f(0) + %f’(O) + 9;—!f”(O) + z—!f”’(O) + -
Maclaurin’s series is a Taylor’s series expansion of a function at the origin.

Problems:

1. Obtain the Maclaurin’s series expansion for the following functions:

2 3

4
VIitsin2x=1+x-2 %+ + (May 22)

f(x) =\/1+sin2x =\/1+25inxcosx =\/sin2x+coszx+25inxcosx 3 (Sinx+cosx)2

y =sinx + cosx f(0) =1
Y, = COoSX — sinx f'0) =1
Yy, = —sinx —cosx = =y f"0)=-1
Y3 == f'(0) =~1
Yo = —Y2 frO)=1
Ys = ~V3 | f70) =1

By Maclaurin’s series,

f(x) = f(0) + %f’(O) + %f"(O) + ..

: X X2 X3 X4
\J1+sin2x = 1+E(l)+§(—1)+§(—1)+z(1)+- x

2 3 4
X

= 1+sin2x =14+x————+—+:--
2t 30 4!




2. secx upto x* term

y = secx f(0)=1
y; =secxtanx = ytanx f'(0)=0
y, = ysec’x + y,tanx = y3 + ytan®x ) =1
=y3+y(sectx—1)=y3+y3—y
=2y° -y
Y3 = 6y*y1 — ¥ F(0) =0
Vs = 12yyf + 6y°y, — ¥, fr0) =5

By Maclaurin’s series,

x4

F@) = £(0) +ZF1(0) + 2 £ 0+ 5 £(0) + 2 F(0) + .

2 4 2 4
secx=1+0+5(M4+0+EG) +-- =1+ +2%
2! 4! 2 24

3. log(1 + e*) up to 3" degree term.

y = log(1 + e%) f(0) = log?2
e” ’ _1
gy =< HOCE
(1+e¥)eX¥—eXe* 1" 1
Y2 = ez = V1" ‘ ) =7
Y3 =Y2 = 2y1Y2 | () =0
i 1
Vi =y3 =2(y1ys + ¥3) fw(o)=_§

By Maclaurin’s series,

F@) = £(0) +ZF1(0) + 2 £ (0)+ 5 £(0) + () + ..

1

log(1-+¢9) =log2 +5 (3) + 5 () + 5 @ + 5 (=3)

x4

x | x?
—10g2+;+;——




3

2 4
4. Prove thatlog(1 + x) = x_x7+%_x:+

= log(1 + x) f(0)=0
1 !
=1 f'(0)=1
1 2 17
Vo= T T TN ) =-1
Y3 = —2Y1)> '(0) =2
Ya = —2Y1Y3 — 2Y3 v (0) = —

By Maclaurin’s series,
fO) =F(0)+5f(0) + f”(0)+ f"'(0)+ " CF(0) +

log(1+4x) = 0+%—’;—!+%(2)+%(—6)+

2 3 4

x x x
=x—-——+———+4 -
2 3 4

5. tanx = x+—+16x + -
y =tanx “ y(0)=0
y1 =sec’x =1+ tan’x = 1+ y? ! y,(0) =1
V2 =2yy; =2y +2y° y2(0) =0
vz =2yf +2yy, y3(0) = 2
Ya = 4y1Ye + 2y1Y2 + 2yy3 = 6Y1Y2 + 2yy3 ¥4(0) =0
Vs = 6Y3 + 61Y3 + 2y13 + 2y, ys(0) = 16

By Maclaurin’s Series,
f(x) = f(0) +3 f 0)+= f”(O) += f”’(O) + -
tan x = O+x+O+X?+O+);—|(16)+---

x3 x5
—X+?+E(16)+"'




2x% 6x6

: logsecx——+—+ + -

y = logsecx y(0) =0
ylzﬁsecxtanxztanx y,(0) =0
y, =sec’x =1+tan’x =1+ y? y,(0) =1
Y3 = 2Y1Y> y3(0) =0
Ya = 2Y3 + 2y1Y3 ¥4(0) = 2
Vs = 4Y,y3 + 2y1Y4 + 2Y2y3 = 6Y,y3 + 2Y1),4 ys(0) =0
Y6 = 6Y2Ys + 63 + 2y1Y5 + 2Y5s v6(0) = 16

By Maclaurin’s series,
f(x) = f(0) +3 f (0) + f”(O) + f”’(O) += f’V(O) +—f"(0)
X X X
logsecx=0+0+0+=—=+0+7(2)+0+7(16) + -

x%  2x*  x®
=z+?+a(16) + -

Home work:
7. = 3'd degree term.
1+e*
N _ (14e¥e*—e?* X 5
Hlnt y - 1+e*x ’ }71 - (1+€x)2 o (1+ex)2 o yl
3
N
2 4 48
. x2 3xt 8x°
8. eSinx — 1+x+5_7_?+...
Hint:y =1y, =1Ly, =1,y3;=0,y, = —3,y5 = —8
1 x2 x3 7x4-
9, efn X — 1+x+7—;—7+---
Hintiy=1,y; =1Ly, =1,y;=-1,9,=-7,5 =5
4-
10. log(1 + e*) —log2+ +———+

192

| 11 1
Hint:y =log2,y, = 5 Y2 =7Y3 =0y, = ~3




X/
°e

X/
°e

e

*
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°

2.2 Evaluation of indeterminate forms

Basic results:

. sinx . tanx . e¥-1 . log(1+x)
lim = lim = lim = lim 22X =
x—-0 X x-0 X x-0 X x-0 X

. 1\* . 1
}lcl_r)rclo(1+;) = }Clir(1)(1+x)x—e

X_

. a
lim
x-0 X

Introduction:

= log, a

0
Indeterminate forms: -, ~ L o0—00,0 X o0,0° 1%,0°

Limits which lead to indeterminate forms are evaluated by using L’ Hospital’s rule.
L’ Hospital’s rule: Suppose f(x) and g(x) are functions such that
(i) limf(x) =0, limg(x) =0 (ii) f (x)and g'(x) existand g'(a) = 0,

xX—a

Then lim £ = Jim £&

x-»agd(x) x-sag(x)
Prove that lin(}(l +x)V/*=¢e
X
Let L = lim(1 + x)V/*
x—0
logL = lir% log(1 + x)1/*
X—

|
= 1,51_% - log(1 + x)

— ) N\ form
x-0 X 0
By L.H rule,

loglL = lim — =1

x—0 1+x

Bytakingantilog, L=e

provided the limit on the RHS exists.




1
1"+2x+3")2

2. Evaluate lim (
x—0

1

Let L = }}_I}é (1x+2x+3x)§
1
logL = llm log (1 27437 )
1% +2%43*

= lim y log=5

_ lxlg% log(1x+2x;—3x)—log3 _ % form
By L.H Rule,
logL = 11_1‘)%1 5 (17 log1+ 2" log2 + 3" log 3)

= g(logl +log2 + log 3)
1
= log 63

1
By taking anti log, L = 63
1

a*+b*+ cx)I

1
3. Prove that 11%1( = (abc)s (May 22)
X—

1

Let L = lim (W);

x—0

1

T a*+b* +c*\x
log L —Ll_r)r(} log( 5 )
=lim - log x+b i
x=0
— lim log(a*+b+c*)—log3 _ 0 form
x—0 X 0
By L.H Rule,
logL = lim W(a" loga + b*logb + c*logc)

= %(loga+logb + logc)

1
= log(abc)s

Taking anti log, L = (abcﬁ




1
tanx\ 2 1
= e3

4. Prove that lim (
x-0

X

1

Let L = lim (m"’“)"_z

x—0 X

1
BERT tanx\,2
logl = P_r}glog( " )
= l)gi% le logta::x = % form
By L.H rule,
. 1 x xsecx—tanx
lOgL - lxlir(l) 2x tanx ( x2 )

1,. xsec?x—tan x
=-lim (———~=

0
) =- form
2 x>0 0

x3

By L.H rule,

1. sec?x+x.2 secx.secxtanx—sec? x
logL == lim

x—0 3x2

Il
I
5.

(2 secx.secxtan x)
3x

1 .. tanx 2 1
== lim seccx = -
X 3

w |
x®
J
<)

1
By taking anti log, L = e3




5. Prove that lim(tanx)"*"?* = %

T
*2

Let L = lim(tanx)®@"?*

T
%

logL = lim log(tan x)®n2*
x>y

= lim tanZ2x logtanx

x=7
logtanx _ 0
N x> cot2x ) form
4
By L.H rule,

1 2
logL = lim _tanx > X
o \ =2 cosec? 2x
1

T \2sinxcosx

) (2
logL = _lxlin (%)

= — lim sin2x = —1

x——
4

Taking antilog, L=e™l= i

6. Prove that lim (2 — g)tan(ﬁ) — e%

x—a

LetL = lim (z v f)tan(%)

xX—a a

logL =lim log (2 — E)mn(ﬂ)

xX—a

= lim tan (%) log (2 — E)

x—a

os(2-5)

—_1; _0
- lxlircll cot(%) T o form
By L.H rule,
=
logL = lim 2

T 21X
x—a |—5=)cosec =—
2a 2a




L

2 .. sin®——
logL == lim 24 = —
T x-a Z—E T

2
Taking anti log, L =en

7. Prove that lim(sinx)"*"* = 1

o
X3

Let L = lim(sinx)®"*

x—o=
2

logL = lim log(sin x)®"*

=2
= lim tan xlogsin x
x—om
2
logsinx 0
= lim £ =— form
X cotx 0
2
By L.H rule,
. cotx
logL = lim —=
x_)g — coseccx

Taking antilog, L=e%=1

X
8. Prove that lim (1 + xlz) =1

X0

LetL = lim (1+ %)

X—00 x2

logL = lim log(l + xiz)x

X—00

= lim xlog (1 +xi2)

X—00

1
. log(1+=
= lim —(1 "2) =2 form
X—00 el 0
X

By L.H rule,

1 2
—1(-5) 1

X—00 X—00 1+—2
x

x2

Taking anti log, L =e°=1.




10.

11.

12.

13.

14.

15.

Home work:

1
Prove that lirr(l)(ax + x)x = ae
X—

. . log(a®*+x 0
Hint: logL = lim 28@+0 _ 0
x—0 X 0
a*loga+1

logL = }Cl_r}a .

=loga+1=Iloga+loge =logae

1
(ax+bx+ cx+dx)§

1
Prove that lir% = (abcd)+
xX—

1

Prove that lim (cot x)To&x = 2
x—0 e
1
Prove that lin}(l — x?)logi-0) = ¢
xX—
1

Prove that lim (Sinx)"_z — o
x—0

X

1
Prove that lin%(ax + x)x = ae
xX—

Prove that lim(cosx)z™* = 0

xX—o=
2




2.4 Partial differentiation

Introduction:

Let f(x,y) be a function of two independent variables x and y.

% First order partial derivatives: fx = Z—i, fy = Z—Jf/
% Second order partial Derivatives: f,, = ZZT]:  fyy = giy]; oy = ;j—a’; y fyx = af;x
% Property: ;;—a]; = ;;%
Problems:
1. Ifz = 4x*+ 8x3y? + 6xy* + 8y + 6. Find %, Z—;.
Solution:
z=4x*+8x3y* + 6xy* +8y + 6 ---- (1)
Differentiate (1) partially w. r. to x
Z—i = 8x + 24x?%y? + 6y?
Differentiate (1) partially w. r. to y
Z—; = 16x3y + 12xy + 8.
2. Ifz=f(x+ct)+ g(x— ct), Prove that % = CZZ—: (MQP)
Solution:

z=f(x+ct)+glx—ct) - (1)
Differentiate (1) partially w. r. to x

Z = flx+ ) +g'(x —ct)

Differentiate (1) again partially w. r. to x

O% = it et) ¥ g (x — cb)
6x2_f x+c g'(x—c
Differentiate (1) partially w.r.to t
0z

T cf'(x+ct)—cg'(x —ct)

Differentiate (1) again partially w.r. to t

Z—Z =c2f"(x +ct) + c?g" (x — ct)
=c?[f"(x+ct) + g"(x —ct)]
_ 2%
dx2
Therefore,
6_22 0%z

at2 ¢ 0x2




3. If z = e™*bYf(ax — by) Prove that bg—i +a%=2abz (May 22)

ay
z = e™*bY f(ax — by) ----- (1)

Differentiate (1) partially w. r. to x

z—z = ae™*PY f'(ax — by) + ae®*bY f(ax — by)
= ae™*bY f'(ax — by) + az

Differentiate (1) partially w. r. to y

Z_; = —be™*bY f'(ax — by) + be®*PY f(ax — by)
= —bea“byf’(ax —by) + bz
Therefore,
bZ—JZC n ag_; _ abeax+byfl(ax _ by) +abz — abeax+byf/(ax % by) + abz
0z 0z
s bo—+ ag = 2abz

Note: (x+y+2)(x2+y2+2z2—xy—yz—2zx)=x3+y3+23—3xyz

— 34434 3 _ du  ou  du_ 3
4. Ifu=1log(x®>+y*>+ z° — 3xyz). then Prove that s 5y +3, v
2
a a a -9
and hence show that (— + —) Uu=—-
ax a9y oz (x+y+z)2
u=log(x®+y3+ 23— 3xyz)
ou _ 3x%-3yz
dx  x3+y3+z3-3xyz
ou _ 3y%-3xz
dy  x3+y3+z3-3xyz
ou 3z2-3xy
8z x3+y3+z3-3xyz
Case 1:
ou , ou , ou _ 3x%-3yz 3y%-3xz 3z%2-3xy

dx 0y 98z  x3+y3+z3-3xyz = x3+y3+z3-3xyz = x3+y3+z3-3xyz

_ 3(x2+y%+z%-xy-yz-zx)

x3+y3+2z3-3xyz

3(x%2+y?+z2-xy-yz—zx)

T (x+y+2) (2 +y2+22 —xy—yz—2%)
3

T x+y+z
Case 2:
Gra+a) v=Grata) Grrata)
=Gratn) Gt
- (:_x-l-%-l-%) (x+j/+z) - (x+3_:-z)2




2
If z(x + y) =x2+y2,showthat(2—i—g—;) :4(1_%_2_;)

z(x+y)=x%+y?--—-(1)
Differentiate (1) partially w. r. to x
Z—i(x+y)+z(1+0) =2x+0

0z _ 2x-z

ax x+y

Differentiate (1) partially w. r. to y

Z—;(x+y)+z(0+1)=0+2y

z _2y-z
dy - x+y
Therefore,

(az az)z _ (Zx—z Zy—z)2
dx dy - x+y x+y

H(1-5-5)=4(-F5)

=l(x+y—2x+z—2y+z)

x+y
=2 2z-—x-7y)
Ty CETXTY
_ 4 x%+y? _
= 2G) - @+
. 4 2 2.2 .2
= Gy (2x= + 2y X y 2xy)
> x2+y?-2xy\ x-y 2
=4 () =4 (5) o

Equating (2) and (3),

Gi-3) =+(1-5-3)




_ 2 A
6. Ifv=(x%+y*+2%)" Zprovethat 0y2+622_0
1
(x2+y*+2z8)z2=1/v
1]i2=x2+yz+22

Differentiate partially w. r. to x

2 v

— =2 = 2x
v3 9x
ov 3
— = —XV
ax

Differentiate again partially w. r. to x

0%v 2 0v
— = —v3 —3xv
dx2 ax

= —v3 — 3xv?(—xv?)

= —v3 + 3x%v°
Similarly,
v _ 3 2.5
a2 = ¥ + 3y“v
2
% = —v3 + 3z%v°
Therefore,
a%v | 9%v | 9%
£+—+a—= —3v3 4+ 3(x% + y2 + z%)v°
= =303 +3%
v
=—-3v3+3v3 =0
Home work:
— 42 -1Y _ .2 -1% u _ x*-y?
7. Ifu = x*tan y“tan " =
8. Ifu=tan™?! (xz ) prove that — + — = 0.

9. Find the first and second partlal derivatives of z = x3 + y3 — 3axy

03u

10. If u = x¥ show that ~ zay = Sxdyon




2.5 Total differentiation
Introduction:

B3 = = = ﬂ _ ou E a_u d_y
% Ifu =u(x,y) where x = x(t) and y = y(t) then il PR i

% Ifu=u(x,y z)wherex = x(t), y = y(t) and z = z(t) then

du du dx du dy , ou dz

dt  ax'dt ' 9y dt ' 9z dt

Problems:
1. If z=u? + v? where u = at? and v = 2at find %.

z=u?+v?

d d
—=2u, = =2v
u = at? v = 2at
% =2at=v % = 2a
Therefore,
% 0z d_u 0z Q

dt  ou'dt ' ov'dt
= 2uw)v + (2v)2a
= 2at*(2at) + 4at(2a)

= 4a’t(t®> + 2)




2. Ifu = xy?+ x%y with x = at?,y = 2at find % using partial derivatives.

u=xy%+x2%y
?

U _ 42 ou _
P4 + 2xy, y—2xy+x

x = at? y = 2at
dx _ _ d_y_
E—Zat—y rri

du _Ou dx , Ou dy

Therefore, w3y

% = (y%2 + 2xy)y + 2xy + x?)2a
= y3 + 2xy? + 4axy + 2ax*
= (2at)? + 2(at?)(2at)? + 4a (at?)(2at) + 2a(at?)?
=2a%t3(4+4t+4+1)

= 2a3t3(8 + 5t)

3. fu=tan™?! G) wherex=et—etandy =e' + et find %

x=et—et y=el+et

dx ¢ —t dy t —t
—=eltet= —=el—et=x
dt y dt

du _ Ou dx |, du dy
Therefore, ot 3y dt

= (=) + (E)x

xZ_yZ

T x24y2
_ (et—e_t)z—(et+e_t)2 _ -2

T (et-e H)2+(et+e-t)2  e2tye-2t




) . .d
4. Ifu=x%+1y?+z% where x = e?',y = e?' cos 3t,z = e*! sin 3t find d—l:.

u=x?+y?+4z?
u u du
a ZX, E 2y, E =2z
x = et y = e?t cos 3t z = e?sin3t
X — et L — 22 cos 3t — 3e?t sin 3t 22 — 2¢2t sin 3t + 3e?t cos 3t
dt dt dt
= 2x =2y—3z =2z+ 3y
Therefore,

du _Odu dx , du dy , du dz
dt  9x'dt 9y dt = oz dt

= 2x(2x) + 2y(2y — 32) + 2z(2z + 3y)
= 4(x% + y* + z?)
= 4(e*" + e*)
=8et
X x 2 1. du
5 Ifu=-e*sin(yz),wherex=t*,y=t—1,z = ?flndzatt =1.

u = e*sin(yz)

ou _ x o ou _ x ou _ x
5 = € sin(yz), 3y — Z€ cos(yz), S, = Ye cos(yz)

x = t? y=t-1 | ;=1
t
T2t 2= dz 1
dt dt —=——=
dt t2
Att =1,
x=1,y=0 z=1.
d d d
_x:2'_y:1’ e
dt dt dt
ou ou ou
w065, =0
Therefore,

du _Ou dx | ou dy |, du dz
dt  odx'dt 9y dt 9z dt

=0+e1+4+0

=e




6. fu=x2+xy+y’x=1t%y= 3tthenfind%.

u=x%+xy+y?

ou ou
a—2x+y, 5—x+2y
x = t? y =2t
& _ 3t v _3
dt dt
Therefore,

du _du dx , ou dy
dt ~ ox ' dt 9y’ dt

=2x+y)2t+ (x+2y)3
= (2t% 4+ 3t)2t + (t? + 61)3
= 4t3 + 6t% + 3t? + 18t

= 4t3 +9t? + 18t

7. Ifu = x3y? + x?y3 with x = at?,y = 2at find % using partial derivatives.

u=x3y? + x%y3

ou _ o 2 2 3 du__ ., 3 2.2
6x—3xy +2xy,ay—2xy+3xy
x = at? y = 2at

dx _ dy _
E—Zat—y dt—2a
Therefore,

du _ du dx  ou dy

dt  ox'dt ' oy’ dt
= (Bx2y% + 2xy3)y + (2x3y + 3x%y?)2a
= 3x2y3 + 2xy* + 4ax3y + 6ax?y?
= 3a?t*.8a3t3 + 2at?.16a*t* + 4a.a3t®. 2at + 6a.a’t*. 4a?t?
=8a’t°(Bt+4+t+3)

= 8a°t(4t + 7)




) 2 .. . d
8. Ifu=sm§,wherex=et,y=et flndd—l:.

. X
u = sin-—
y
u 1 x 0 X
— ==-C0S—, — = ——CO0S—
ox y y oy y
dx
x=¢etY, —=et=x
dt
2 d 2
y=et", ZL=2tet" =2ty
dt
Therefore,

du _9du dx , du dy
dt ~ 9x dt 9y’ dt

= (%cosg)x+ (—%cos%)Zty
=(1- 2t)§cos§

=(1- 2t)(et"t2 cos et"tz)




Introduction

2.6 Partial derivatives of composite functions

% Ifu=f(p, q)where p = p(x,y)and q = q(x, y) then z is a composite function of x and

y. Partial derivatives of composite function z are given by

B

. X
du _9dudp , dudq y p
dx 0dpodx  9qox u
du _Oudp , dudq q y
ady - dpdy 0dqdy

» Ifu=f(p,qr)wherep =p(x,y), q =q(x,y)and r = r(x,y) then z is a composite

function of x and y. Partial derivatives of composite function z are given by

ou _ O0udp

du dq

ou ar

- o S5 =X
ox Opox 9dqox  9r dx’ P < 1
ou _ Oudp , 0udq , dudr U-——> g,y
dy opdy 0dqdy Orady ; '
du _ oudp , dudq , duadr 4 g
dz  dpdz dqoz Oroz
Problems:
0z 0z 0z 0z
1. Ifz= where x = e" vV y—e U _e’thenP.T. Z_Z_yZ _y&
f(x,y),wherex =e*+e”, y=e e the Pl P %
x=e"*+e™" y=e"—e"
ou u
ox 5 dy _ v
aw v
0z 0z 0x . 0z dy 0z , 4 0z —u
—_—= —— —_—— = — —(—e %) ———-- 1
du 0dxdu Jdyodu 0x (8 ) +6y( € ) ( )
0z _0z09dx | 0z09y _ 0z —v 0z v 2
v oxdv ayav_ax( € )+6y( e) ()
(1) — (2) gives,
0z 0z _ 0z, 4 v 0z —u v
ou av_ax(e te )+6y( € +e)
0z 0z
— (U -2 _ ,—u _ ,v\ 9%
(e*+e )6x (e e )ay
__ 0z 0z
T T ox dy




Zuz

2. Ifz=f(x,y),where x =e*cosv,y = e*sinv then P.T. yZ—i+x%=e %

x =e%cosv y =eYsinv
ox u dy U s
— =-¢e%cosv =x — =¢e%sinv =
ou Jdu y
0x U dy u
— = —e%sinv = — —=-¢e%cosv=x
v y v

0z 0z 0x 0z dy
e )
du dxodu 0dyodu

=y {Z®+Z 0}

= xyZ—JZC + y? Z—; ---- (1)
= x{Z(n+5 @)}

= —xyZ—)ZC +x2 % - (2)

ay

(1) +(2) gives,

0z 0z _ 0z 2 0z 0z 2 0z
y6u+x6v_xyax+y ay xyax+x dy
dz
e 2 2y 22
*+ 5935,

. 0z
= (e?™ cos? u + e?“sin? v) e

0z
= p2u%”
oy




du du du
3. Ifu=f(x—y,y—z,z—x)then prove that 22 + -+ =~

pb=x—-Yy
op
ax
dp
ay

dp
0z

q=y—=Z
dq
dx
aq
oy
dq
0z

r=Z—X
ar
ax
ar
ay
ar
0z

=0.

ou _ dudp du dq ou or
dx dpdx 9dqox = ordx

ou ou Ju
=5 D +5,0)+52(=1)

du Jdu
=5 -
ou _ oudp | dudq  oudr
dy - dpdy  0qdy or dy
du du ou
=3, "D +5, 1) +52(0)
du Ou
=% @

ou _ Oudp , dudq , duadr
9z odpdz 0qdz Or oz

ou du u
= 2O+ =D+

(1) +(2) + (3) gives,

0 ou ou u u u ou ou ou
oz oy "oz op oq g or Tor op

ady 0z ap aq aq ar ar ap
=0




4. Ifu=f(2x—3y,3y —4z,4z — 2x) then prove that%Z—'; +

p=2x-—3y q=3y—4z r =4z —2x
op _ aq _ or _
ax 2 ax 0 ax
op _ 0q _ 3 ar
ay - ay - dy -
op _ aq _ or _
9z 0 9z 4 9z
Therefore,
10u 1 {au dp A Oudq , ou ar}
2 0x 2\0pox 0qOox dr 0x
1 (du du
= 5{5(2) +0+2(-2)}
__Ou du
- op ar
1o ifudp oudg ) dudr)
30y T3 dpdy 0qdy Ordy
1 (du du
= 5{5(—3) +5203) +}0
_ou_du
- dq Op
12u _ 1 (ou gm0 R
49z 4 dpdz 0qO0z Or dz
1 u u
=0+ -0+ @)}
RS CORS=C)
__Ou Jdu
~ ar aq

(1) + (2) + (3) gives,

10w 10w 10w _ fu_0u 0u_ du_ du_ u

2 0x 30y 49z ap ar aq ap ar aq
=0

10u 10u
)
30y+4az




_f(x 22 du ou, ou_
5. Ifu—f(y,z,x)thenprovethatxax+yay+zaz—0. (May 22)

R _ T'—Z
p_y CI_Z T ox
op _ 1 L or_ _Z
ax y Ox ox x?
op _ _ x 9a _1 £=0
6y_ y2 dy z ay
ap 99 _ _ ¥ o _1
5_0 0z z2 dz x
ou dud dud du dr
x dp 0x dq 0x or dx
du (1 du z
=2 {5 (5) + 0+ 5 (-5))
xodu zadu
i (1)
yop xO0r
ou _ {6_“"’_10 oudq a_“ﬂ}
ay_ opdy 0qdy 0Ordy
u x du (1
=5 (-5)+5.() 9
_you x0u (2)
_zaq y 0p
ou dud dud ou ar
0z dp 0z dq 0z or 0z
u y) au(l)}
=z ——= 5=
{0+6q( z2 +6r x
_zO0u yodu (3)
" xor z 0q
(1) + (2) + (3) gives,
ou, youw, Ou_xou zOou, you xdu, zOu you
ox yay 9z yop xO0r zdq yop xoOr z dq

=0




6. fu=f

(yx z—x
zx

) then prove that x?

+y

dp
0x
dp
ay
dp
0z

Therefore,

2 0u
x

2 0u _

oy

e
0z

ouod

dp 0x

X {au

op

au au
ap  9q
2 (2
dp 0y

{au
dp

ou

dp
2 Qe
dp 0z

. {O + o

ou
oq

q

(-2)

ou aq}
dq 0x

5 (-5}
s (1)

2 01}
dq oy

o)+

= ()

2 0],
dq 0z

% )}

(1) +(2) + (3) gives,

Zau

+y2

u ou _
+2 =

0z

2 au 2 0u
+ 6z

=0.




2
7. Ifz=f(x,y),x=7r cosB,y =r sin 0 then P.T. (%) + (z—;

x =r1cosf y =rsinf

dox x a .

— =cosf == 2 —sing =2
ar r or r
ox . dy

— = —rsinf = — —=r1cosf =x
50 7] y 50 cos

)

(62 ax 0z 6y)2
dx or  0dy or

0z

e

0z
ay

() +5C)F

=alEoE - @)
26 =nEEnn
oz

(1) + (2) gives,
G+ @) =Ele+mE) + &+ (5)]

G +G) reer=r

1

r2

Home work:
8. Ifz= f(u,v),u = x* — y?,v = 2xy then prove that
az\2 92\ 2 _ 2 2 az\2 az\2
) +G) =4 +|(5) + G |
_ y ou  JOu_ 0u_
9. Ifu= f(xz, z) then prove that Xox Yoy Zm = 0.
—f(* ou  JOu, ou_
10. Ifu = f(z,z) then prove thatxax + Y3 tz = 0.

:

(az
ar

1

r2

)2+

(

dz

a0

:




2.6 Jacobians
Introduction:

% If u and v are functions of two independent variables x and y then
Ju Ju

a(u,v) _ ax oy (OR) J (2) _ Uy uy|
axy) |ov ov x,y Uy Uy
dx Jdy
% If u, v and w are functions of three independent variables x, y and z then
du du du
ax ay 0z ux uy uZ

a(u,v,w dv odv O0v w,v

Quvw) _ 12 2 (OR) ](_) = v

a(x,y,2) ox 0Jdy 0z x,y w w w
ow ow ow X y z

ox 5 0z
Problems:
_ _ a(x,y)
1. Ifx =rcosB,y =rsin@ then prove that —= 3o T
X =rcosf y =rsinf
ox _ ady _ .
> = cos b Pl sin @
ox _ . dy
50 = rsin @ ag—rcose
ox 9y
6(xy) or or
Therefore, 200 o ay
6 a6
cos @ sin @
= : =7rcos?8 +rsun?f =r
—rsinf 7rcosf

a(x y)

2. fx=u(1l-v),y= uvthenflnd )’

X =U—uv y = uv
ox dy
ou 1=v ou
ox _ _ 9y _
w w
dx 0y
a(x,y) _ |ou ou
Therefore, dum — |ox oy
av v

_|1—v v

|—u—uv+uv—u
—u




3.

4.

If x =u(1—v),y = uv then find

a(uv)

a(xy)
u=x-+y v=-"
x+y
u
— = v y
ax —= -
ox (x+y)?
ou
3y = a_u _ x+y-y _ x
oy  (x+y)2  (x+y)?
ou ov
d(uv) _ |ox ox
Therefore, 3y — |ov v
dv Jdy
Y
_ (x+y)?
- X
(x+y)?2
__x Yy
T (x4y)? (x+y)?
_ 1
T x+y

Ifu=x*+y%+2z%v=xy+yz+zx,w=x+y+zthen prove that
u, v and w are functionally dependent.

u=x>+y*+z% |v=xy+yz+zx | w=x+y+z
u_, w_ aw _
ox <X oItz ox
n 2 itz o
ay ay dy
ou ov ow
5—2}1 a——x+y a—l
( ) ux Ux Wx
o(u,v,w
= u, v, W
2(0y.2) uy vy Wy
Z Z z
2x y+z 1
=2y z+x 1
2z x+y 1
x y+z 1
=2|ly—-x x—y 0

z—x x—z 0

X
=2x—y)(x—2)|-1
-1

=0

y+z
1
1

1
0
0

Therefore, u, v and w are functionally dependent.




5. Ifu=x%+3y?—23,v=4x*yz,w = 2z% — xy, evaluate Z((';;':)) at (1,—1, 0).
(May 22)
u=x+3y>—2z3 | v=4xtyz w=2z%—xy
ou _ v _g w _ _
5 B |
U _ IV _ fx2 w_ _
3y 3% ay—4xz By X
ou _ _3,2 9 _ g2 ow _
5, = 3z P 4x°y > = 4z
( ) ux vx Wx
d(uv,w)
0y Zy zy a’ly
Z Z z
1 8xyz -y
=| 6y 4x?z —x
—3z% 4x%y 4z
At (1,-1,0),
1 0 1
=l-6 0 -—-1|=20
0 -4 O

X z ZX
u= 73/ v = y; w = 7
ou _y ov _  yz ow  z
ox z ox x2 ax v
6_u X 6_17 §> ow _ zx
gy z ay x dy - y2
b __ WY v _y ow  x
dz z2 dz x 9z y
Uy Uy Wy
Pl PR Uy, v, w,
9(x,y,2)
u, v, wy;
y vz z
z x2 b%
x z z
| z x y2
xy y x
z2 x y
yz —yz yz
= 1 zX —ZX —ZX
x2y272
Xy Xy Xy
|1 711 1 -1 1
=IX2 0 1 =1 1 -1|=4
x2y2z
-1 1 1 -1 1 1




7. fx=rsinfOcos¢,y =rsinf@sing,z =rcosfindJ (x‘g’z) [July 16

r,0,¢
X =rsiné cos ¢ y =rsinfsin¢ z=rcosb
ox . dy . . 0z
aar—slnecosgb gr—smBsmq’) gr—cose
x_ _y_ . _Z:_ .
ge—rcosﬂcosqb 39 r cos 8 sin ¢ %9 rsin 6
x . . y . z
— = —7rsinf sin — =rsin —=0
3% S ) 2% sin 6 cos ¢ 3%
a( ) xT yT ZT
—6(:3}‘;)= Xo Yo Zo
" Xp Vo Z¢
sin 6 cos ¢ sinf sin ¢ cosf
=|rcosfcos¢p rcosfsing 0
—rsinfsin¢g rsinfcos¢p —rsinb

sinfcos¢p sinfsing cosf
cosfcos¢p cosfsing —sinf
—sin¢ cos ¢ 0

=125sin 6 {cos O (cos B) + sin 6 (sin @) — 1(0)}

=1r?sinf

=1r?sinf

_ _ o I(x,y,z)
8. fu=x+y+z,uv=y+zuvw = zfind YR [Jan 16,

X=U—uv Yy =Uuv — uvw Z = uvw
ax—l v ay—v vw aZ—vw
ou ou ou
o _ %~y —uw % — uw
PR v v
ox dy o az_uv
aw aw aw

xu yu Zu
xv yv Zv
xW yW ZW
1-v v—vw vw
=] —u uUu—uw uw

0 —uv uv
1-v v—vw vw
=u?v| -1 1-w w
0 -1 1

1-v v vw
=u?v| -1 1 w
0 0o 1

=uv(l—v+v)

1C2_)C2+C3




o(xy)

9. Ifx=e%cosv,y = e"sinv then find ——= )
x =e%cosv y =eYsinv
ax d .
— =¢e%cosv 2 = eUsinw
u ou
ax . d
— = —e%sinv 2 — eUcosv
v v
ox ay
oxy) _ |ou du
Therefore, un — |ox oy
av v
_|e*cosv e* sinv|
—e%sinv e%cosv
_ p2u| COSV sinv|
—sinv cosv
— p2u
a(uv)
10. Ifu = x%> -y*, v =2xyand x = rcos 0,y = r sin 0 find e
u=x%-y? v = 2xy x =rcosf y =rsinf
ou ov ox dy _ .
Pl 2x o 2y o B cos Pl sin @
ou _ ov ox 0 . a_y _
3 2y ay—Zx e rsin 0 ae—rcos@
6_u 6_17 ox 0y
d(wy) _ |ax ox oxy) _ |ar or
d(xy) [dv 97 are) [0x Oy
vy 96 96
| 2x 2y cos @ sin 6
-2y 2x —rsinf rcos6
= 4(x? + y?) = 4r? =rcos?0 +rsin?0 =r
owv) _ a(uwy) _ 9(xy) 2 3
= = X =
Therefore, 308 — 30ey) = 3-6) 4re X r = 4r
Home work:

11. Ifuzf—x); and v = tan™! x + tan~ yflnda( y) .Ans: 0

12.1f x = pcos¢,y = psing¢,z = z show that —=—

o(x,y,z) _
ap.pz)




2.8 Maxima and minima for a function of two variables

Introduction:

% Extreme point:
A point at which f(x, y) attains maximum or minimum.
Saddle point:

A point at which f(x, y) attains neither max. nor minimum.

A X4

/7
A X4

Necessary conditions:

The necessary conditions for f(x, y) to have a max. or min. at (a, b) are

@), =0mi () =0

¢ Notation:
LY Ly % o
p ox’ q oy’ ox2 "’ oy? "’ oxdy

*

Sufficient conditions:

0

The sufficient conditions for f (x,y) to have
(i) Max. at (a, b) isthat rt — s > 0 and r < 0.
(ii) Min. at (a, b) isthat rt —s? > 0 and r > 0.

Working rule:
¢+ Find critical points by solving p = 0 and g = 0.

< Find rt — s2 and r at each critical point.

++ Write the conclusion using the following table:

At (a,b), if f(x,y) attains

rt—s?>0,r <0 | Maximum
rt—s%>0,r >0 | Minimum
rt—s2<0 Neither maximum nor minimum

rt—s2=0 Saddle point




1. Show that f(x,y) = xy(a — x — y),a > 0 is maximum at the point (gg)

d
£=y(a—x—y)—xy=y(a—2x—y))

L =xa-x-y) —xy=x(a—x-2y)
a a
At(g,g),p—Oandq—O.

Therefore, (%%) is an extremum point.

_9% _ _

T ooxz 2y

_ 9% _ _

=37 = 2x
I
_axay_a 2x — 2y

rt —s? =4xy — (a — 2x — 2y)?
2 2 2
At (g,g),r< Oandrt—s2 =22 & =%
3°3 9 9 3
2. Find the extreme values of the function f(x,¥) = x> + y3 — 3axy.
flx,y) =x*+y>—3axy

of _ .2 _ O _ a2 _
P 3x* — 3ay, 3y 3y —3ax
P _ o S _ e PL
Pyche 6x, 357 = 6y, 30y 3a
Step:1 Find critical points

o it 2 R
p—ax—0:>x =ay 1)

of

q=£=0:>~y2 = ax ---- (2)

MDxx— Q) xy=>x3=y3=2x=y
Put y = x in (1). We get Critical points (0,0), (a, a).
Step:2 Find rt — s? at each critical point

r=6x, t=6y, s=-3a, rt —s?=36xy—9a’

Critical points | r¢t —s? = 36xy —9a? | r = 6x Remark
(0,0) 0 Saddle point
(a,a) 36a? — 9a?, Positive. | Positive | Minimum

Step:3 Conclusion

f(x,y) attains minimum at (a, a).

Minimum value = f(a,a) = a3 + a® — 3a® = —a>.




Find the extreme values of the function f(x,y) = x3 + 3x% + 4xy + y2.
flx,y) = x3 + 3x? + 4xy + y?

of _ 3,2 of _
ax—3x + 6x + 4y, ay—4x+2y

0%f _
dxdy -

0°f
dx2

_ o°r _
=6x+6, 55=2,
Step:1 Find critical points

p=2L=0=3x2+6x + 4y = 0-— (1)

ax

qza—f=0:>4x+2y=O:>y=—2x -—--(2)

dy
Substitute (2) in (1) = 3x? + 6x — 8x = 0=>x:0,§
|n(2),X=0=>y=Oandx=§=>y=_§

Therefore, Critical points are (0,0), G —g).

Step:2 Find rt — s% at each critical point
r=6x+6 t=2, s=4

rt —s>=12x+ 12 - 16

Critical points | rt —s?=12x—4 | r=6x+6 | Remark
(0,0) —4, Negative Neither max. nor min.
<E N f) 8 — 4, Positive. Positive Minimum
3" 3
Step:3 Conclusion

f (x,y) attains minimum at (2 ——).

.. 2 4
Minimum value = f (5, ——)




4. Find the extreme values of the function f(x,y) = x* + y* — 2x? + 4xy — 2y2.

flx,y) = x* +y* — 2x% + 4xy — 2y?

of
dx

of

— 443 —
=4x° — 4x + 4y, 3y

=4y3 +4x — 4y

f _ 49,02 _ 4 9F _ 2 _ o*f _
=14, Lo1zyroa TL=

Step:1 Find critical points
—g—£=0=>4x3—4x+4y=0 = x3—x+y=0 - (1)
q=Z—}f]=0:>4y3+4x—4y=O:>y3—y+x=0 - (2)

D) +@)=>y=—x

INn2),y=-x=>-x3+x+x=0, x(2—-x2) =0
Therefore, Critical points are (0,0), (v2, —v2),(—v2,V2)
Step:2 Find rt — s? at each critical point
r=12x2—4, t=12y* -4, s=4

rt —s2=(12x2 —4)(12y*> - 4) — 16

Critical points | rt —s? = r= Remark
(12x2 — 4)(12y%2 —4) — 16 | 12x2 — 4
(0,0) 0 Doubtful
(vV2,—2) 400 — 16, Positive Positive Minimum
(—\/Z V2) 400 — 16, Positive Positive Minimum
Step:3 Conclusion

f(x, y) attains minimum at (v2, —v2) and (—v2,v2).

Minimum value = f(V2,-V2) = f(—V2,V2) =4 +4-4—-8—-4= -8




5. Find the extreme values of the function f(x,y) = x3y*(1 — x — y).

fx,y) = x3y? —x*y? —x3y3

Of _ 0.2.2 _pAu3.2 _a9.2.3 OF 5 3 5 4. o 3 2
ax—3xy 4x>y 3xy,ay—2xy 2x*y — 3x°y

?f _ 2 _ 2,2 _ 3 0%f _ 5.3 _ 9.4 _ (.3
ax2—6xy 12x“y“ — 6xy°, ayz—ZX 2x* — 6x°Y,

9L _ 6x?y — 8x3y — 9x2y?
9x0y y y y
Step:1 Find critical points
p= Z—£ = 0= 3x%y? —4x3y? - 3x%y3 =0 > x?y*(3—-4x-3y)=0 ----(1)
q= Z—}f] =0=2x3y —2x*y —3x3y?=0 =x3y2-2x—-3y)=0 ----(2
3—4x—3y=0 O 11! Fom@),x=00rd, y=0ort

Y 3/4] 0 | P

Ifx=0,(2)givesy =0o0r2/3. If x =3/4,(2) gives y = 0.
Ify=0,(2)givesx =0or 1.Ify =2/3,(2) givesx = 0.

Therefore, Critical points are (0, 0), (O, g) , G O) , (%%) ,(1,0).

Step:2 Find rt — s? at each critical point
(0,0) | (0,2/3) | (3/4,0) | (1/2.1/3) | (1,0)
r=6xy*(1—2x—1y) 0 0 0 -1/9 0
t=2x3(1-x-3y) 0 0 1/128 -1/8 0
s=x’y(6-8x-9y)| O 0 0 -1/12 0
Critical points | rt — s? r Remark
(0,0) 0 0 Saddle point
(0,2/3) 0 0 Saddle point
(3/4,0) 0 0 Saddle point
(1/2,1/3) Positive | Negative | Maximum
(1,0) 0 0 Saddle point
Step:3 Conclusion

. . 11 .. 11
f(x,y) attains maximum at (E'E)' Minimum value = f (E'E) =—




Find the extreme values of the function f(x,y) = x3 + 3xy? — 3x? — 3y? + 4.

flx,y) =x3+3xy? —3x*2—-3y2+4

U _ 3x2 2 _ox U — oxy —
Pl 3x° + 3y“ — 6x, 3y 6xy — 6y
*f _ o OPf _ *f _
Fycle 6x — 6, 37 = 6x — 6, oay 6y
Step:1 Find critical points
=L =032 +3y? —6x =02 x> +y2 —2x =0 (1)
g=2L=0=6xy-6y=0 S>y=0x=1 -—(2)

Substitute y = 0in (1) = x = 0 or 2.

Substitute x =1in(1) =y =—-1or1.

Therefore, Critical points are (0,0), (2,0), (1,—1), (1,1).
Step:2 Find rt — s? at each critical point
r=6x-—6,t=6x—6, s=06y

rt —s? =36(x — 1)? — 36y?

Critical points | vt —s? |r =6x—6 | Remark

(0,0) Positive -6 Maximum
(2,0) Positive 6 Minimum
(1,1) Negative |  -----

(1,-1) Negative | -

Step:3 Conclusion

(i) f(x, y) attains maximum at (0, 0). Maximum value = f(0,0) = 4
(ii) f(x,y) attains minimum at (2, 0). Minimum value = f(2,0) = 0




7.

Find the extreme values of f(x,y) = x3 + y3 — 63x — 63y + 12xy.
flx,y) =x3+y3—63x — 63y + 12xy

of

OF _ 342 _ 9f _ 342 _

ax—3x 63 + 12y, ay—Sy 63 + 12x

O’ f _ 3*f _ *f _

Fycle 6x, 37 = 6y, oay 12

Step:1 Find critical points
p=2L=0=3x%+12y = 63> x* + 4y = 21 — (1)
q=Z—£=0:>3y2+12x=63 = y2 +4x =21, - (2)

M-@=>E&*-y)—4x-y=0=>Cx—-y)(x+y—4 =0
Therefore, x =yory =4 —x

If x =y, (1) becomes x? + 4x —21=0>x =3,-7

Ify =4 —x, (1) becomes x? —4x —-5=0=>x =5,—-1
Therefore, Critical points are (3, 3),(=7,-7),(5,—1),(—1,5).
Step:2 Find rt — s% at each critical point

r=06x,t=6y, s=12

rt — s? = 36xy — 144

Critical points | rt — s? r = 6x Remark
(3,3) Positive 18 Minimum
(-=7,-7) Positive -42 Maximum

(—1,5) Negative |  ---—--
5,-1) Negative | -

Step:3 Conclusion

(i) f(x, y) attains minimum at (3, 3). Minimum value = f(3,3) = —216
(ii) f(x,y) attains maximum at (—7, —7). Maximum value = f(—7,—7) = 784




Home work:

8. Examine the function f(x,y) = 1 + sin(x? + y?) for extreme values.
Ans: A = (a,b) such that a? + b? = g is the max. point. Max. value is 2.

9. Find the extreme values of the function f(x,y) = sinx siny sin(x + y).
Ans: (g%) is the max. point. Max. value is %

10. Show that f(x,y) = x> + y3 — 3x — 12y + 20 has a maximum value at the point
(—1,—2) and a minimum value at the point (1, 2). (May 22)






