Module 3

Ordinary differential equations of first order

3.1 Linear and Bernoulli’s differential equations

Introduction:

1. Linear differential equation in y:

This is of the form Z—z + Py = Q, where P and Q are functions of x alone.

General solution is y.IF = [ Q.IF dx + ¢, where IF = e/ P4x,

2. Linear differential equation in x:
This is of the form Z—; + Px = Q, where P and Q are functions of y alone.
General solution is x.IF = [ Q.IF dy + ¢, where IF = e/ P4,

3. Bernoulli’s differential equation in y:
This is of the form Z—z + Py = Qy™, where P and Q are functions of x alone.

Dividing this equation by y™, y=" Z—i + Pyl = Q ---- (1)

-n &y _ 4t

1-n — =
Put y =1, then (1 n)y dx dx

. 1 dt
Equation (1) becomes T Pt=1Q
Reduced linear differential equation is % +(1-n)Pt=(1-n)Q
4. Bernoulli’s differential equation in x:

This is of the form Z—z + Px = Qx™, where P and Q are functions of y alone.

Dividing this equation by x™, x™" Z—i +Px'™" =Q (1)

Putx1=" = ¢, then (1 —n)x™ ax _ &t
dy dy

. 1 dt
Equation (1) becomes Ty +Pt=0Q

Reduced linear differential equation is 3—; +(1—-n)Pt=(1-n)Q
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Problems:

d
1. Solved—i’+ycotx =cos x

This is a linear L.D.E in y with P = cotx,Q = cosx

1F=edex =ef(:otxdx = sinx

General solutionis y.IF = [ Q.IF dx + ¢

y.sinx = [cosx.sinxdx + ¢

ysinx=%fsin2xdx+c

. 1
ysinx = —Zc052x+c

d
2. Solve d—z + y tan x = y3sec x

Step 1:

Step 2:

vtucode.in

Reduce it to an LDE

Divide by y3 on both sides,

1d 1
Fé + ﬁtanx = secx --—-- (1)
1 Zdy_ﬂ
Ifyz_tthen G ax
1 _, Loy GEn
Putyz—t, G 2dxln(l)

1dt
———+4 ttanx = secx
2dx

Multiply by -2 on both sides,

d
L 2 2ttanx = —2secx
dx

Thisisan LDE in t with P = —2tanx,Q = —2secx

Solve reduced LDE

[F = eJ —2tanxdx — p-2logsecx — g2
General solution is t.IF = [ Q.IF dx + ¢

tcos?x = [ —2secxcos?xdx +c

tcos?x = —2sinx +c

1 .
(?) cos?x = —-2sinx+c¢




DY _ 2
3. Solvedx+x—yx (May 22)

Step 1: Reduce it to an LDE

Divide by y2 on both sides,

L d_y+l(l) = x (1)

ﬁdx x \y
1 1d dt
If==tthen — == ==
y y«dx dx
1 14 dt .
Put==1t, —=> = ——in (1)
y y<dx dx
dt t
—a-l—;—x

Multiply by -1 on both sides,

dt t
—_—_—_—= =X
dx X

Thisisan LDE int withP = —1/x,Q = —x

Step 2: Solve reduced LDE

1
IF=el %% =g-logx =1

X

General solutionis t.IF = [ Q.IF dx + ¢

1 1
to=[—x-dx+c

X

1
t-=-x+c
X
1
—=—-x+c
xy
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d
4. tan yd—z + tan x = cos y cos®*x

Step 1: Reduce it to an LDE

Divide by cos y on both sides,

d
secy tanyé + secytanx = cos? x ---- (1)

a dt
If secy = t then secytanyﬁ =—

dat _ 2
(l):>dx+ ttanx = cos” x
Thisisan LDE in t with P = tanx, Q = cos? x

Step 2: Solve reduced LDE

IF = edex — eftanxdx = secx
General solutionis t.IF = [ Q.IFdx+ ¢
tsecx = [ cos?xsecxdx + ¢

secysecx = sinx + ¢
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, d
5. Solve: r sin @ — cos Bd—; = r?

Step 1: Reduce it to an LDE

Divide by 2 on both sides,

cos @ dr sinf __

T, r 1 (1)
1 1 dr dt
|f;—tthen—r—2£—g

dt o
Q)= cos@a+ tsing =1
Divide by cos 8 on both sides,
L 4 ttan6 = secO

dx

Thisisan LDE in t with P =tan8,Q = sec8

Step 2: Solve reduced LDE

IF = edex — eftan@d@ = secH
General solution is t.IF = [ Q.IF d6 + ¢

tsect = [secHsecHdb + c

%secH =tanf + ¢
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4z z =z 2
6. Solve: . t-logz =~ (log2)

Step 1: Reduce it to an LDE

Divide by z(log z)? on both sides,

1 dz 1 1 1
z(log z)? dx T logz (;) Xz (1)

1 1 dz dt
If logz = t then — z(log z)? dx  dx

dt t 1
W= -nti==

Multiply by -1 on both sides,

Thisisan LDEintwithP = —=,0 = —=

X IR

Step 2: Solve reduced LDE

1
IF=el 5% = ¢-logx =1
X

General solutionis t.IF = [ Q.IF dx + c

1 11
t;— f—x—z.;dX-FC
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7. Solve: x% +y =3y

Step 1: Reduce it to an LDE

Divide by x on both sides,

X

Divide by y® on both sides,

L2 Qg -r 0

ys
1 5d dt
If —=tthen —=2X ==
y5 yédx  dx
1_, ldy_ _1lat;
Putys—t, Sedx = c-in(1)
tat  t_ 2

5dx X

Multiply by -5 on both sides,

dt t
— —5-=—5x?
dx x

This is an LDE in ¢t with P = —5/x,0 = —5x?

Step 2: Solve reduced LDE

5
IF = ef—;dx — g—5logx — is
x

General solution is t.IF = [ Q.IFdx + ¢
tx—15= f—Sxe%dx+c

L= 5[ x3dx

x5

1 5
=—+tc
x5y5 2x2
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8. Solve: xy(1 + xy?) % =1

Step 1: Reduce it to an LDE

2 3_dx

YTy

Xy +x
dx — 2.3
o~ Xy =x%y
Divide by x2 on both sides,

id_x_y(l) =33

x2 dy x

If%z tthen—xizz—;zcil—;
PUt==t, x%j—i: —Z—;in (1)
—%—yt=y3

Multiply by -1 on both sides,

dt 3
dy+yt— y

Thisisan LDE in t withP = y,Q = —y?
Step 2: Solve reduced LDE

y2
IF=el?® =¢7
General solutionis t.IF = [Q.IFdy + ¢

2

= —y3ey7dy +c

y2
tez

Putp:%z. dp =ydy

te? = [ —2pePdp + ¢

teP = —2(pe? —eP) + ¢
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9. Solve: % + xsin2y = x3 cos? y

Step 1: Reduce it to an LDE

Divide by cos? y on both sides,
sec? yZ—i + 2xsec?ysinycosy = x3

d
sec2y£+ 2xtany = x3

_ 2,4 _at
If tany = t then sec Yoo =

at — .3
(l):>dx+2xt—x
This is an LDE in t with P = 2x,Q = x3

Step 2: Solve reduced LDE

IF = e/ Pdx = gf2xdx — ox?
General solution is t.IF = [ Q.IF dx + ¢

te*’ = [ x3 e**dx + ¢, Putp = x2,dp = 2xdx

tep=%fpepdp+c

te? =%(p— 1)eP + ¢

(tany)e*” = %(x2 —1e*’ +¢
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10. Solve: & = —¥__

dx  x—/xy

Step 1: Reduce it to an LDE

x—yxy _ dx

y dy
dx x x
dy y y

Divide by v/x on both sides,

223

1 dx dt

|f\/§—tthenﬁa—a

1 dx dt .
PUt\/;—t, \/—EE—ZE”](].)

dt 1y, _ 1
25-G)e=-%
Divide by 2 on both sides,

dt 1 1

dy 2y 2\y

1

.. . g 1
Thisis an LDE in t with P = _E’Q =~75

Step 2: Solve reduced LDE

IF = el Pay :ef_%dy:i

vy

General solution is t.IF = [Q.IFdy + ¢

1 1 1
t5= " s te
X 1

;—f—g dy+c
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Home work:

1 1’[ rUCrTY
1§ ZA: =yianx - y* s x., (PT.U., 2005) 2. r&inB—cou '/‘iﬁ =y, (V.T.U., 2006)
3 2o'= 10N 4 y b N ¢ xy) de=dy (B PTL., 2005)
g DLXAYAY  priey 2005) 8. xtx-y)dy + y de =0 (LS.M., 2001)

ox 2xy

dv an y oy » s be

7 "“ Y 4 =(1 +x)e" secy (Bhopal, 2009) 8 &~ 7 < +1 | = - (V.T.U, 2008)
- dy dy . ~ 2

9 sec’y G- ¢ xtany = = 0. tany 0 + tan.x = cony o8 3. (Sembolpur, 2002)
. Bo_X__ vru,20n 18, (ylog x =€) ydyx - 2dy =0 VU, 2006)

dx @ x— Jixy)

3.2 Exact and reducible to exact differential equations
Exact differential equation:

% A differential equation of the form M (x, y)dx + N(x,y)dy = 0 is said to be exact if
oM _ON
dy  0x

% General solution of an exact differential equation is

f M dx + f(Terms of N not containing x) dy = 0

y—constant

Reducible to exact differential equation:

o If Z—IZ * Z—:, given differential equation is not exact.

“ Reduce it to an exact differential equation by multiplying I.F on both sides.
2 fa—M—— is close to N then = (ZA; aN) f(x).Now I.F = e () ax
23 |f —— = |s close to M then = (a_z\y/1 - a—N) g(¥). Now I.F = el 9 ay
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Problems:

1. Solve: (x% + y% + x)dx + xy dy = 0 (May 22)

(x*+y*+x)dx+xydy =0 - (1)

M=x*+y>+x | N=xy

6M_2 ON _
ay_y ax

) F] F] .
Since o * —N, this is not an exact D.E.
ay ax

oM ON

a—azy,closetoN.

(D) =) =1=f) [say]

xy x

ILF=elf@dx — glydx _ o

Multiply by x on both the sides of equation (1)
(3 +xy? +x2)dx + x>y dy =0

This is an exact D.E.

General solution is

fy_constantM dx+ [(Terms of N not containing x) dy = ¢

fy—constant(x3 + xyz + xz) dx + f(()) dy =c

4 3

X
4

X

2
X
+2+ =
2 3
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2. Solve: (4xy + 3y? —x) dx + x(x + 2y)dy = 0

(4xy + 3y? — x) dx + (x? + 2xy)dy = 0 --—--- (1)

M=4xy+3y?—x | N=x2+2xy

oM aN
E—4x+6y a—2x+2y

A ] .
Since 22 % —N, this is not an exact D.E.
dy ox

aM  ON
E—a—2x+4y—2(x+2y),closetoN.

1 /0M ON 1 2
5(5_ a) = x2+2xy2(x +2y) = T = f(x) [say]

ILF = el f@dx — plzdx _ 42

Multiply by x2 on both the sides of equation (1)
(4x3y + 3x%y2 — x3) dx + (x* + 2x3y)dy = 0
This is an exact D.E.

General solution is

fy_constantM dx + [(Terms of N not containing x) dy = c

(4x3y + 3x%y? —x3)dx+ [(0) dy =¢

fy—constant

4 3.2 L X _
x*y+x°y +4—c
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3. Solve: (xy? — eV/**) dx — x2y dy = 0

(xy? — /%) dx + (—x%y)dy = 0 - (1)

M= xy?— e N=-x%y
aN

oM _ — = —2xy

- 2xy ax

] F F ..
Since o * —N, this is not an exact D.E.
ady ox

oM N
Frm ol 4xy, close to N.

G5 =St = 1= b

LF = el f@ax = gm4I7dx _ s

Multiply by x~* on both the sides of equation (1)
x~*(xy? —e* ) dx + x2ydy =0

This is an exact D.E.

General solution is

fy_constantM dx + [(Terms of N not containing x) dy = c

fy—constant(x_gyz - x"4ex_3)dx +[(0) dy=c

1 _ 1
_Ex 2y2+§ex =
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4. Solve: (x*+y3+6x)dx+xy*dy =0

(x2+y3+6x)dx +xy?>dy =0 ----—-- 1)

M=x?>+y3+6x | N=xy?

oM
6y_

N _ 5
ax

3y?

] F F ..
Since o * —N, this is not an exact D.E.
ady ox

oM AN _ ., 5
3y 2y~ , close to N.

G- =@ == () [say]

ILF = el f@dx = g2lzdx _ 12

Multiply by x2 on both the sides of equation (1)
(x3y2 — x‘4el/"3) dx —x2ydy=0

This is an exact D.E.

General solution is

fy_constantM dx + [(Terms of N not containing x) dy = c

fy—constant(x_gyz - x_4el/x3)dx +[(0) dy=c

1
ex3
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5. Solve: (y* +2y) dx + (xy3 + 2y* —4x)dy =0

(y* + 2y) dx + (xy3 + 2y* — 4x)dy = 0 ------ (1)

M =y*+2y N = xy3 + 2y* — 4x
M _ 43 ON _ 3 _
ay—4y +2 =Y 4

. aM 9 .
Since — # —N, this is not an exact D.E.
dy ox

oM _ON _ 3.3 — 2(v3

5y " ox = 3V T6=3(°+2), closeto M.
L(oM _ONY __3 (3 _3_

M(Oy ax)_y4+2y(y +2)_y_g(y) [say]

1
—3f;dx _ -3

| F=e JoOay — , —
Multiply by y3 on both the sides of equation (1)

y 3yt +2y)dx + y 3 (xy3 + 2y* — 4x)dy = 0
This is an exact D.E.

General solution is

fy_constantM dx + [(Terms of N not containing x) dy = c

(y+2y™)dx+ [y) dy =

fy—constant

xy+f,—’zc+y2=c
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6. Solve: Bx2y* + 2xy) dx + 2x3y3 —x*)dy =0

(Bx2y* + 2xy) dx + (2x3y® — x2)dy = 0 ------ )

M = 3x%y* + 2xy N = 2x3y3 — x?

om _ 2,3 ON _ 2.3 _
ay-ley + 2x ax—6xy 2x

] F F ..
Since o * —N, this is not an exact D.E.
ady ox

Z_";_ g_’z = 6x2y3 + 4x = 2(3x2y3 + 2x) , close to M.

1 (dM 8N 2 2
E(E -2 = s Gy H20) =-=g() [say]

| F=e JoOdy — e‘zfidx = y~2

Multiply by y~2 on both the sides of equation (1)
y2(Bx%y* + 2xy) dx + y~2(2x3y3 — x?)dy = 0
This is an exact D.E.

General solution is

fy_constantM dx + [(Terms of N not containing x) dy = c
f (3x2y2 + Z—X) dx+ [(0) dy =c¢
y—constant y

3.2 %
x3y +7=c
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7. Solve: (xy3 +y)dx+2(x*y*+x+yH)dy=0

(xy® +y)dx + 2(x%y? + x + yHdy = 0 -——-- (1)

M=xy3+y N =2(x*y*+x+y")
oM _ 2 oN _ 2 — 2
ay—Sxy +1 ax—2(2xy +1) =4xy“ +2

. F F ..
Since % * a—N this is not an exact D.E.

)
X

a_M_a_N__ 2 _ 1 — _ 2
oy ox Y 1=—(xy?+1),close to M.

1(0M ONY _  xy*+1 _ 1 _
g(@‘g)— vy = 5 =90) [say]

[.F=e Joay — efidx =y

Multiply by y on both the sides of equation (1)
y(xy3 + y) dx + 2y(x?y? + x + y*)dy = 0 This is an exact D.E.

General solution is

fy_constamM dx + [(Terms of N not containing x) dy = c

(xy* +y?)dx + [(2y°) dy = ¢

fy—constant

x24 6
Ty+xy2+y?=c

vtucode.in
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. Solve: (ylogy)dx+ (x —logy)dy =10

(ylogy) dx + (x —logy)dy = 0 ------ (1)

M =ylogy N =x—logy

6M ON

y( )+10gy Pl

Slnce — ¢ thls IS not an exact D.E.

am
Y ax—1+logy—1—logy,closetoM.

1 (oM ON

5(5_5) ylogy( g}’)———g(Y) [say]

[.F=e JaOay — e-fidx _1

y

Multiply by y on both the sides of equation (1)
i(ylogy) dx + % (x —logy)dy = 0 This is an exact D.E.

General solution is

fy_consmntM dx + [(Terms of N not containing x) dy = c

1
fy—constant logy dx + f (;logy) dy =c

2
xlogy+(ogy)

vtucode.in
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9. Solve:y(x+y+1)dx+x(x+3y+2)dy=0

(xy +y%+y) dx+ (x* + 3xy + 2x)dy = 0 ------ (1)

M=xy+y*+y N = x? + 3xy + 2x
oM aN

. a .
Since 2% % —N, this is not an exact D.E.
dy ox

oM ON
E—a_—x—y—l——(x+y+1),c|osetoM.

1 (dM 0N 1 1
M(ay_ax):_xy+y2+y (x+y+1)=—;=g(y) [say]

[.F=e Joay — efidx =y

Multiply by y on both the sides of equation (1)
y(xy + y?> +7vy) dx +y(x? +3xy + 2x)dy = 0
This is an exact D.E.

General solution is

fy_constantM dx + [(Terms of N not containing x) dy = ¢

(xy*+y3 +y2dx+ [(0) dy =c¢

fy—constant

x2y2

2

+xy3+xy?=c
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10. Solve: 2y dx + (2x log x — xy)dy = 0

(2y) dx + (2xlogx — xy)dy = 0 ------ 1)

M =2y N = 2xlogx — xy
oM N 1 _
5—2 E—Zx(x)+210gx y

. F F ..
Since % * a—N this is not an exact D.E.

)
X

M _N— 2logx+y=—(2logx —y),close to N.

dy 0x
1(0M N 1 1
5(5_5) = srlogimy (2logx+y) = —2=f(0) [say]

I.F:eff(x)dy:e—fidx:l
x

Multiply by y on both the sides of equation (1)
%(Zy) dx + %(leogx — xy)dy = 0 This is an exact D.E.

General solution is

fy_constant M dx + [(Terms of N not containing x) dy = c

I, 2 dx +f(=y) dy =c

—constant x

2
2ylogx—y7= c

vtucode.in
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3.3 Orthogonal Trajectory

Definition: Two families of curves such that every member of either family cuts each
member of the other family at right angles are called orthogonal trajectories.

Example: Family of circles x? + y2 = a? is the orthogonal trajectories to the family of
straight lines y = mx + c¢. Where a and m are arbitrary constants.

Working rule to find the orthogonal trajectories of the family of curves f(x,y,c) = 0:

% Form the differential equation by eliminating arbitrary constant c.
B d_y — E - —
» Replace ™ by e [tan(90 + 6) = — cot O]
% Solve the modified differential equation.
Working rule to find the orthogonal trajectories of the family of curves f(r,0,c) = 0:

% Form the differential equation by eliminating arbitrary constant c.
% Replace %Z—; by —r%. [tan(90 + ¢p) = — cot ]
% Solve the modified differential equation.

Problems:
1. Find the orthogonal trajectories of the family of parabolas y* = 4ax .
Consider y? = 4ax ------ (1)

Differentiate w.r.to x,
ay _
2y T 4a

Substitute in (1),

" v
A dx
—
y = 2% Y
Replace o &
dx dy
dx
y = —ZxE
ydy = —2x dx

On integrating,

2
y7=—x2+c

2x2+yt =k
This is the family of orthogonal trajectories of (1).
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2. Find the orthogonal trajectories of the family of circles x + y* = a? .
Consider x? + y% = q? ------ (1)

Differentiate w.r.to x,

2x +2y 2 =0

Y= %

ReplaceZ—zby —Z—;
dx

(5=~

1 1

; dx —; dy

On integrating,
logx =logy +logc
X =yc
This is the family of orthogonal trajectories of (1).
3. Find the orthogonal trajectories of the family of curves y* = ¢ x3 .
Consider y% = ¢ x3 ------ (1)
Differentiate w.r.to x,
2y Z—z = 3c x?
X x = nyZ—zz 3c x3
By (1), nyZ—Z = 3y2

dy
ZxE— 3y

dy dx

Replace = by — ™
dx

2x (— E) = 3y
—2xdx =3ydy
On integrating,
2=

2

2x2 +3y2 =k
This is the family of orthogonal trajectories of (1).

vtucode.in

23




4. Find the orthogonal trajectories of the family of curves x?/3 + y?/3 = a?/3
Consider x2/3 + y2/3 = q?/3 - (1)
Differentiate w.r.to x,

dy -0

2 2__
Ex +y

1 1dy
x =>x 3 35— =
+y Tx 0

xg dx = yg dy

On integrating,

x3 =3 ¢ = x*3 -yt

This is the family of orthogonal trajectories of (1).

5. Show that the family of parabolas y* = 4a(x + a) is self-orthogonal.
y? = 4a(x + a)
Diff. w. r. to x,
dy _

2ya = 4q
By substituting in (1),

2 29y W B AN
y o= 2ydx(x-l_de)

d ay\?

y2 =220y 2 +y* (2)
y—2x—+y(y) ------- (1)

Replace é by — ﬁ

y=2x(-5) 4y (-5)

y=-2:(5)+y ()

y(@) =-2x()+y

-y () 2a(8) - 0
Since (1) = (2), The given family of parabolas is self-orthogonal.
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6. Find the orthogonal trajectories of the family of curves Z—z + bzy; =1, where 4is
the parameter. (May 22)
Rl e )
az = b2+A
Diff. w.r.to x,

2x 2y dy _ 0
az ' bZ+ddx

y dy _ X
b2+idx a?
y x (dx
b2+l__§(a)

Substitute in (1),

ﬁ_ﬂ(d_x)=1

a2 a? \dy

dy
dy Xy
dx  x%-a?
ay dx
Replace = = ——
P dx dy
_x_ _w
dy  x2-qa2
a2 —x2
dx =ydy

X
(a?z—x)dx=ydy

2 Ly
a“logx S =5 t¢
x2+y?=2a’logx +k
This is the family orthogonal trajectories of (1).

7. Find the orthogonal trajectories of the family of curves x3 — 3xy? = ¢
x° — 3xy*® = c------ (1)

Diff. w.r.to x,
2 9.2 ay _
3x* — 3y~ — 6xy o 0

2 2 dy
X —y —nydx

Replace & = - &
dx ay
d
Xt -yt = ny(_ﬁ)

dy _ 2xy
dx  y2-x2?
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dy dv
Puy=vx,—=v+x—
y " dx dx
dv 2x(vx) 2V
vV+x—= =
dx (vx)2—x2 v2-1
dv _ 2v _ 2v-v3+v _ 3v-v3
dx  vz-1 Top2-1 T p2-1
v?-1 1
sdv =—dx
3v-v X
1 (3-3v2 1
— —( ) dv ==-dx
3 \3v-v3 x

On integrating,
—glog(Sv —v3) =logx +logc
log(3v — v3) = —3logx — 3logc
x3@Bv—-v3) =k

3 Y\ _ ¥\ =
x (3 (x) x3) =k

3x%y — y3 = k. This is the family orthogonal trajectories of (1).

8. Find the orthogonal trajectories of the family of curves ™ = a™cos né.
r™* =a" cosnf
logr™ = loga™ cosné

nlogr =loga™ + log cos nf

Ed_r - —n sinné
rdo cosnb
1dr sinn@
rdo cosné
1dr do
Replace -— by —r—
P rdo y dr
dae
—r— = —tanné
dr

cotnf df = ldr

r
On integrating,

%1ogsinn9 =logr +logc
logsinnf = nlogrc
sinnf = rnc"

r"™ = ksinnf

This is the required O.T.
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9. Find the orthogonal trajectories of the family of curves r*cos n6 = a™.
r"cosnf = a"
log(r™ cosnf) = loga™

nlogr + logcosnf = loga™

ndr sinng
r do cosnf
1dr

-— = tanné
rdé

dae
dr

1dr
Replace - by —r
o
—r— =tan né
cotnf df = —%dr
On integrating,
%1og sinnf = —logr +logc
logsinnf = nlog%
sinnf = %
T
r*sinnf = k. This is the required O.T.
10. Find the orthogonal trajectories of the family of curves r = 2a cos 6.
r = 2acos 6
logr = log(2a cos @)
logr = log 2a + log cos 6

1dr _ sin 8
rdd cos 6
1dr
-— = —tan6
r do

ao

1dr
Replace v, by —r—

—rg = —tanéf
cotfdo = %dr

On integrating,

logsin@ = logr + logc
logsin 8 = logcr

sin@ = cr

r=ksin®

This is the required O.T.
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11. Find the orthogonal trajectories of the family of curves r™ = a™sin né.
r"* = a"sinnf
logr™ = loga™ sinnd

nlogr = loga™ + logsinnf

ndr _ cosné
rdo  sinn@
1dr
-— = cotnf
rdé

ae

1dr
Replace - by —r—

—r% = cotnf

tannf do = —%dr

On integrating,

%1ogsecn0 = —logr +logc

logsecnf =n logg

Cn
secnf = —
r

r™ = k cosn@. This is the required O.T.

12. Find the orthogonal trajectories of the family of curves r = a(1 — cos 0).
r=a(l—cosf)
logr = loga + log(1 — cos 6)

1dr _ sin@
rd8  1-cos@

1dr dae
Replace - 2 py —r 22
eplace - — by =
_ ﬁ __ siné@
dr ~ 1-cos@
1-cosf 1
—— do ==dr
sin 6 r
1—cos? 6 1
o sin@(1+cos ) 0= ;dT‘
sin? 6 1
" sin 6(1+cos ) do = ;d?’
sin @ 1
—_ = -ar
(1+cos9) do r d

On integrating,

log(1 + cos8) =logr + logc

log(1 + cos @) = logcr

1+ cosf =cr (or) r =k(1+ cos@). Thisis the required O.T.
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13. Find the orthogonal trajectories of the family of curves r = a(1 + sin 9).
r=a(l+sinf)
logr =loga + log(1 + sin @)

1dr _ cosé

rd0  1+sin@

1dr dae
Replace -— by —r—

dg _ cos@

dr ~ 1+sin6

do = Ldr
T

1+sin 6
cosf@

1-sin? @ 1
e —— =—dr
cos0(1-sinB) r

cos @ 1
———df =-dr
1-siné@ r

On integrating,
log(1 —sin®) =logr +logc
1—sinf =cr
r = k(1 —sin@). This is the required O.T.
14. Find the orthogonal trajectories of the family of curves r = 2a(cos 0 + sin 0).
r = 2a(cos @ + sin @)
logr = log 2a + log(cos 8 + sin @)

1dr _ cosf-sinf
rd0  cosf+sin@
dae

1dr
Replace < by —r .

dg _ cosf-sinf

dr ~ cos@+sin8

cos 6+sin 6 1
——df ==dr
cos —sin 6 r

On integrating,

log(cos 8 —sin @) =logr + logc
log(cos 6 — sin8) = log cr

cosf —sin@ = cr

r = k(cos8 — sin0)

This is the required O.T.
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15. Find the orthogonal trajectories of the family of curves r = 4a(sec 8 + tan 09).
r = 4a(sec + tan 0)
logr = log4a + log(sec 6 + tan 0)

1dr _ secftanf+sec? 6
rdo secH+tan O

1dr

-— =secH

rdo

de

1dr
Replace - by —r—

—r% = sect
—cosf8df = %dr

On integrating,

—sin6 =logr +logc

logrc = —sin@
rc = e~ siné
resin@ =k

This is the required O.T.
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16. Prove that the orthogonal trajectories of the family of curves ZTa =1-cos@is

Zr—b=1+cose.

2a
7=1—c059

logZTa = log(1 — cos 8)
log 2a — logr = log(1 — cos 0)

1dr sin 8

rd8  1-cosf

1dr dé
Replace =— by —r —
P rdé y dr
dg _ sinf
dr ~ 1-cos@
1-cos 6 1
5P do = =dr
sin @ r
1-cos2 6 1
-~ ==dr
sin@(1+cos 0) r
sin? 6 1
-~ ==dr
sin8(1+cos8)

sin @ 1
(1+cos6) do = ;dT‘

On integrating,

—log(1 + cos @) =logr +logc
log2b = logr + log(1 + cos 8)
1og% = log(1 + cos )

%=1+c036

This is the required O.T.
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3.4 RL and RC circuits

Introduction:

@]

(i1 =22 — T
Notation Terminology Unit T RC Circuit
L Inductance Henry
C Capacitance Farad x L
R Resistance Ohms — YYYN
E Electro motive force (e.m.f.) | Volts
I Current Amperes | T RL Circuit
Q Charge Coloumb

(ii) Voltage drop across resistance R = RI

(iii) Voltage drop across inductance L = L%

Q
c

(iv) Voltage drop across capacitance C =
By Kirchhoff's law, L < + RI = E in LR circuit

By Kirchhoffs law, RI + 2 = E in RC circuit

1. When a switch is closed in a circuit containing a battery E, a resistance R and an
inductance L, the current I builds up at a rate given by L% + Ri=E.Findiasa

function of t. How long will it be , before the current has reached one-half its final
value if E = 6 volts, R = 100 ohms and L = 0.1 henry?

To find I:
L%+R1 =E,PutkE =6,R=100,L =0.1

01% 1100/ =6
dt

4 10007 = 60
dt

al
60—-10001

—0.00110og(60 — 1000) =t + ¢
log(60 — 1000/) = —1000t + ¢’
60 — 1000] = ke 1000t
Whent =0,i = 0.s0,k = 60

60 — 1000] = 60e~1000¢

10001 = 60 — 601000t

I =0.06(1 — e~1000t)

=dt
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To find t when | reaches max. value of 1/2 :

When t is max, | is max. So, Max. value of I = 0.06
Max.value ofé = 0.03
0.03 = 0.06(1 — e~1000t)

21000t — o

t = 0.0006931 sec

2. When a Resistance R ohms is connected in series with an inductance L henries with
an e.m.f. of E volts, the current i amperes at time t is given by L% +Ri=E.IfE =
10sint voltsand i = 0 when t = 0, find i as a function of t.

L%+RI — E,PutE = 10sint,i =0t = 0
LE 4+ RI = 10sint
dt
d R =10sint
dt L
R R
1.eJ1% = [10sint.e/t%dt + ¢

Re Re
l.et = [10sint.etdt + ¢

Rt
Rt
— 10eLl (R .
l.eL = RZ—( smt—cost)+c
2+l

Rt

I = (Rsint — Lcost) + ce” L

R2+L2
By data,att = 0,1 = 0.

10L

0= L2+R2( L)+c
2
Therefore, ¢ = %
L“+R
Rt
I = 10L (Rsmt—Lcost+Le L)
R
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3. Arresistance of 100 Q, an inductance of 0.5 henry are connected in series with a
battery of 20 volts. Find the current in the circuitatt = 0.5 secs. Ifi = 0att = 0.

LZ—i+Ri — E,PutE = 20,R = 100,L = 0.5
di .

05% +100i = 20
dt

4 1 200i = 40
dt

4o—dzlool' = dt
—0.0051og(40 — 200i) =t +¢
log(40 — 200i) = —200t + ¢’
40 — 200i = de—200¢
i=0att=0.

40 =d

40 — 200i = 40e~200t

1 _5j = g—200t

Att =0.5

1—5i=¢e7100

1_e—100

5
4. Find the current at any time ¢ > 0, in a circuit having in series a constant
electromotive force 40V, a resistor 10L, an inductor 0.2 H given that initial current

is zero.
By data, E = 40,R = 10,L = 0.2

1=

By Kirchoff’s law, L % +RI=E
On substituting, 0.2% + 101 =40

Therefore, % + 50/ = 200

Solution is given by

1.e%% = [200e°°tdt + ¢

I =4+ ce 5%

By data,att = 0,1 = 0.

0=4+4c, c=-4

Therefore, I = 4 — 4e7° = 4(1 — e~>%Y)
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5. A generator having e.m.f. 100 volts is connected in series with a 10 ohms resistor
and an inductor of 2 henries. If the switch is closed at a time ¢ = 0, determine the
currentattime ¢t > 0.

By data, E = 100,R = 10,L = 2

By Kirchoff’s law, L % +RI=E
On substituting, 2 + 10/ = 100

Therefore, % + 51 =50

Solution is given by
Le’ = [50e%dt+c
I.e> =10e5 + ¢
=10+ ce™5t

By data, att = 0,1 = 0.
0=104+c¢, c=-10

Therefore, I = 10 — 10e™°t = 10(1 — e~>%)
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6. A decaying e.m.f. E = 200e~5¢ is connected in series with a 20 ohm resistor and
0.01 farad capacitor. Find the charge and current at any time assuming Q = 0 at
t = 0. Show that the charge reaches the maximum. Calculate it and find time when
it is reached.

By data, E = 200 e~>t,R = 20,C = 0.01

By Kirchoff’s law, RI + % =F

On substituting, 201 + % = 200e~>t

Therefore, % +5Q = 10e~5¢

Solution is given by

Q.e5% = [10e >t edtdt + ¢

Q.e> =10t +c

By data,att = 0,Q = 0.

0=0+4+c¢ c=0

Therefore, Q. e = 10t

Q =10t e~5t

2 — 10(e~5t — 5te~5) = 10(1 — 5t)e~5¢

dt

Q is maximum when % =0

10(1 —5t)e >t =0

t = i

Maximum value of Q = 10 G) e l=2

e
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3.5 Non-linear differential equations

Introduction: Product of variables and their first order derivatives are allowed in the non-

linear differential equations.
Problems:

1. Solve:p? +p(x+y)+xy=0
P+x)+y)=0

p=—x p=-y
v__ v_ _
dx dx
dy = —x dx 1 dy = —dx
y
x2
S ty—c=0 x+logy—c=0

Therefore, the general solution is

(xz—z+y—c)(x+logy—c)=0

2. Solve: p?+2pcoshx+1=0
pP+p(e*+e*)+1=0
plp+ef)+e*(p+e) =0
p+eHp+e™) =0

p= —ex p= —e_x

d d -

& _px LY D
dx dx

dy = —e*dx | dy=—-e*dx

e*+y—c=0| —e*+y—c=0

Therefore, general solution is

te¥—c)(y—e*—c)=0
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3. Solve: xyp? + p(3x? — 2y%) —6xy =0
xyp? + p(3x% — 2y?) —6xy =0
xyp? + 3x%p — 2y*’p —6xy =0
xp(yp + 3x) — 2y(yp + 3x) = 0
(xp —2y)(yp+3x) =0

xp =2y yp = —3x

4y _ v__
xa—Zy Vo= 3x
%dy=3dx ydy = —3x dx

y2  3x2

logy =2logx+c | 7+ —¢=0
logy = log cx? y2+3x2—-2c=0
y = cx?

Therefore, general solution is

(y—cx®)(y?+3x2—2¢c) =0

4. Solve:p(p+y)=x(x+y)
pr4+py—x2—xy=0
@*—x)+y(p—-x)=0
P-0)pP+x+y)=0

p=x p=-x—y
e 4y
E_x dx_ " y
dy = x dx ay - _
y dx+y— X

On integrating, This is an L.D.E. Solution is

2
y=x7+c ye* = [—x.e*dx + ¢
y—2lc=0 ye* = —(xe* —e*) +c

2
e*(x+y—-1)—c=0

Therefore, general solution is

[y—xz—z—c][ex(x+y—1)—c]=0
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5. Solve: p? + 2pycot x = y*?

p% + 2py cotx —y? =0

(p +ycotx)? —y%2 —y2cot?x =0

(p + y cotx)? — y?cosec’x = 0

(p +ycotx +ycosecx)(p+ycotx —ycosecx) =0

p+ycotx +ycosecx =0

d
2 — (—cosec x — cotx)dx

d 14+cosx
Y- ( ) dx

y sinx

dy ( 1—cos?x )
y - sinx(1—cosx)
d sinx
2= ( ) dx

y 1-cosx

On integrating,
logy = —log(1 — cosx) + logc
y(1—cosx)—c=0

p+ycotx —ycosecx =0

d
73/ = (cosec x — cotx)dx

d 1—-cosx

2= ( , ) dx

y sinx

dy ( 1-cos?x )
y - sinx(1+cosx)

d sinx
2= ( ) dx
y 1+cosx

On integrating,

logy = —log(1 + cosx) + logc

y(1+cosx)—c=0

Therefore, general solution is

[y(1 —cosx) —c][y(1+ cosx)—c] =0.

solve: 22 (2" + xy ()~ 6y = 0
x*p? + xyp — 6y2 =0

(xp + 3y)(xp = 2y) = 0

xp+3y=0 xXp — 2y =
xj—z=—3 Xz_z=2y
%dy=_?3dx %dy=3dx

On integrating,
logy = —3logx + logc
logy + 3logx = logc

On integrating,
logy = 2logx + logc
logy =logx? + logc

log yx® = logcx y = cx?
yx3=c¢ y—cx?=0
x3y—c=0

Therefore, the general solution is

Py =)y —cx?) =0
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7. Solve: 4y?p? + 2pxy(3x+1) +3x3 =0
2yp)? + 2yp(Bx? +x) +3x3 =0
2yp(2yp + 3x%) + x(2yp + 3x%) =0
Qyp+x)2yp +3x*) =0

2yp+x=0 2yp +3x2 =0
W _ W 342
2 ool Zydx— 3x

2y dy = —x dx 2y dy = —3x% dx
On integrating, On integrating,

y2=—£+c y2=—-x3+c
2

Therefore, the general solution is

(y2+xz—2—c)(x3+y2—c)=0

d dx x
8. Solve: XZ-Z=Z_72
dx dy y x
1 x%-y?
p 14 xy

p xy

xyp? — (x* —y*)p—xy =0
xp(yp —x) +y(yp —x) =0
(xp +y)(yp—x) =0

xp+y=0 yp—x=0
dy__ d_y_
Yax T 7Y Yax =7
Zdy=-2dx ydy = xdx
y x

On integrating, On integrating,

logy = —logx +logc | 5 =
logx + logy = logc y2—xt=c¢c

Xy =c y2—x2—c=0

Therefore, the general solution is

(xy —c)(y?*—x*—-¢c) =0

vtucode.in

40




9. Solve:yp*+ (x—y)p—x=0
yp(p-D+x(p-1)=0

Op+x)p—-1 =0

yw+x=0
Y= 7%
ydy = —xdx
On integrating,

2 2
y x c
_—__+_
2 2 2

yi+xt=c
x2+y?—c=0

p—1=0
2=

dy = dx

On integrating,
y=x+c¢c
y—x—c=0

Therefore, the general solution is

P +y*=c)ly—x

—c)=0

10. Solve: x?p? + xp— (> +y) =0
(*p?—yH+(p-y) =0
(xp=y)xp+y+1) =0

xp—y=0
dy
P

1 1
;dy——dx

On integrating,

logy = logcx

R

logy = logx + logc

xp+y+1=0
ay
X—==y 1
1 1
mdy——;dx

On integrating,

logx + log(y + 1) =logc
x(y+1)=c

log(y + 1) = —logx + logc

Therefore, the general solution is

y—cx)(xy+x—¢c)=0
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11. Solve: xy (%)2 — (&% +y%) (%) +xy=0

xyp? —x*p—y’p+xy =0
xplyp—x) —ylyp—x) =0
Gp—x)(xp—y)=0

yp—x=0

dy
dx

X
ydy =xdx

On integrating,
yZ

2
X
L="1
2 2

N[ o

y2=x*+c¢

y2—x%2—c=0

xp—y =0
dy
xa—y

1 1

;dy—;dx

On integrating,
logy = logx +logc
logy = logcx

y=cx

Therefore, the general solution is

> =—x*=c)y—cx)=0

12. Solve: y (?)2 +(x—-y) (%) -x=0

X

yp?+xp—yp—x=0
pyp+x)—(p+x)=0
@-DOp+x)=0

p—1=0
ay _

dx

dy = dx

On integrating,
y=x+c

yp+x=0
yZ = s
ydy = —x dx
On integrating,
y__*, ¢
2 2 2
y2=—x?+c

Therefore, the general solution is

y—x—-0)(x?+y>—-c)=0

13. Solve x(y")?> — (2x + 3y)y' + 6y =0

14.Solve xp®> +xp—yp+1—y =0
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3.6 Clairaut’s equation and reducible to Clairaut’s equation
Introduction:
This is of the form y = px + f(p). General solution is y = cx + f(c).
Working rule to find singular solution:

+ Differentiate general solution partially w.r.to c.
%+ Substitute the value of c in the general solution.

Note:
y=px+f(p) - (1)

Differentiate w.r.to x,
dy _ / l; 1
—=p+px+f'(pp
p'x+f'(pp =0
p'lx+f'(P]=0

p'=0

p=c

Substitute p = c in (1),
y =cx + f(c).

This is the general solution.
Problems:
1. Find the general solution and the singular solution of p = sin (y — xp).
y—xp =sinTip
y =xp+sinTip
This is in Clairaut’s form.
1

General solutionisy = cx + sin™" ¢ ------ 1)

Differentiate partially w.r.to c,

1 1
O0=x+— 1-c?=—=
Vi1-c? x2

L - x 2=1-+
Vi—cz — x2

V1= 2 __1 C_Vx2—1
. =
Substitute the value of c in (1).

y = Vx?2 —1+sin‘1$

This is the required singular solution.
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2. Find the general solution and singular solution of sin px cos y = cos px siny +p

sin(px —y) =p

px —y =sin"lp

y =px —sin"1p

This is in Clairaut’s form.

General solution is y = cx — sin™t ¢ ------ (1)

Differentiate partially w.r.to c,
1

0=x——
V1-c2
L_—x
1-c2
T—c2=-
X
_c2=21
I-c"=7
2 _1_2L
ct=1-4
C_\/xz—l

X

Substitute the value of c in (1).

y = Vx?2 —1—sin ¥t

X

This is the required singular solution.

3. Find the general solution and the singular solution of p = log (px — y).

p = log(px — y)
el =xp—y
y=xp—eP

This is in Clairaut’s form.
General solutionisy = cx — e€ ------ Q)

Differentiate partially w.r.to c,

0=x—e€
x = e‘
c =logx

Substitute the value of c in (1).
y=xlogx —x

This is the required singular solution.
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4. Find the general solution and the singular solution of (y — px)(p — 1) = p.

This is in Clairaut’s form.
General solution is y = cx + — ------ (1)

Differentiate partially w.r.to c,

. (c—1)1-c(1)
0=x+ Tz
1
T (c-1)2
(c—1)2=
1
c—1= ﬁ
1
c=1+ \/_E

Substitute the value of c in (1).
y=x+2Vx+1
y = Wx+1)?

This is the required singular solution.

5. Find the general solution and the singular solution of xp?> — yp + a = 0.
yp =xp*+a
a
Yy =Xxp +;
This is in Clairaut’s form.
General solution is y = cx + % ------ (1)

Differentiate partially w.r.to c,

a

O=x—c—2
_a
X=z

\F
c= |-
X
Substitute the value of c in (1).

y = 2vax

This is the required singular solution.
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6. Find the general solution and the singular solution of xp3 — yp? + 1 = 0.
yp® =xp® +1
1
y =xp+ o
This is in Clairaut’s form.
. . 1
General solutionisy = cx + = 1)
Differentiate partially w.r.to c,
2
0=x-— C—3

X=C—3

1
— (2)3
c=(5)
Substitute the value of c in (1).

y=x (3 + ()

This is the required singular solution.

7. Find the general solution and the singular solution of y + 2 (%)Z =(x+1) % .
y==2p"+(x+1p
y =px+ (p—2p*)
This is in Clairaut’s form.
General solution is y = ¢x + (¢ — 2¢?) ------ (1)
Differentiate partially w.r.to c,

O0=x+1-—4c

_

T4
Substitute the value of c in (1).

= x (L) 4 (2L G
y—x(4)+(4 8 )

8y =2x(x+1)+2(x+ 1) — (x + 1)?
By=(x+1)2x+2-x-1)

8y = (x + 1)?

This is the required singular solution.
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8. Solve y2(y — xp) = x*p? using substitutions X = i andY = %

1
_dy "% y?

_dX_—izdx Fp
x

P

2
Putx = % y =% D= );—2 P in the given equation y%(y — xp) = x*p?

1(1 1X2P)_1(X2P)
y2\y x vz T x*\y2

1 p?
Y_4(Y_XP) =Y_4

2

Y —XP = P?
Y = XP + P?
This is in Clairaut’s form.
General solution is
Y=cX+c* > 3—1/=§+c2
9. Solve (px—y)(py+x)=2p by reducing into Clairaut’s form, taking

substitutions X = x? and Y = y?2,

_dy _ 2ydy _ VY

T dx  2xdx VX

Putxzx/zy:\/?,pz

P

VX
g

(32 PVE —T) (2 PVF +VX) =22 P

VY
(PX-Y)(VXP +vX)=2VX P
(PX-Y)(P+1)=2P

P in the given equation (px —y)(py +x) =2p

PX—y=2%
P+1
P+1

This is in Clairaut’s form.

General solution is

2c
Y=cX—— = y?=cx?*——
c+1
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10. Solve x%(y — px) = p%y by reducing into Clairaut’s form, using the substitutions
X=x*andY = y2

P_dY_Zydy_\/7
T dax  2xdx VX

sl

Putx =vX, y =Y ,p = ’; P in the given equation x2(y — px) = p%y

2

()= ()
Y — pX =p?
Y = pX +p?

This is in Clairaut’s form.
General solution is
Y=cX+c? > y?=cx?+c?

11. Solve e**(p — 1) + e?Yp? = 0 by using substitutions X = e?*,Y = e%.

dy 2e®dy Y
P —_— — —_—
ax 2 e2Xdx X

Pute?* = X,e?” =Y,p = % P_in the given equation e**(p — 1) + e?p? =0
X2(§P—1)+Y(§P)2=o

X2(XP-Y)+X?P2=0

XP—-Y+P?2=0

Y = XP + P?

This is in Clairaut’s form.

General solution is

Y =cX +c?

= e?V =ce? + ¢?
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12. Solve (px + y)? = py? by using the substitutions X = y and ¥ = xy.

ay xdy+ydx xp+y y Y X
P=—= = = +=-=—-—4-
ax dy P p X p
Y X
P—-==
X p
X

_Y _ v _ .S . . 2 2
Putx = 5o X y=X,p= [ in the given equation (px + y)* = py

()L =()r

{Y +1}2= x2

PX-Y PX-Y
{ PX }2 _ X2
PX-Y PX-Y
P2=PX-Y

Y = PX — P?

This is in Clairaut’s form.
General solution is
Y =cX —c?

= xy =cy — c?
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